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Problem 1 (8 Points)

Two different m; and ms (m; > my) are attached to a beam balance. The base area A,, and
the height H of them are identical. Below each mass, there is an empty container with a cross-

sectional area of A.
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a) Container B1 is filled with water of volume V}y, such that the bars of the balance are in
the horizontal position. Determine the difference of the masses Am = my; — mo.

b) Then, container B2 is filled with the same water volume Vj;,. Determine the inclination
angle of the bars against the horizontal line.

¢) How does the angle change qualitatively when container 52 is filled with a salt solution
instead of water (psy, > pw)?

Given:

Am7 H7 A7 L7 l7 S, VW7 VSL = VW7 Pw
Hints:

e Neglect the influence of the surrounding air!

e Check the units and signs of your results!



Problem 1

a) Force equilibrium for m;: i mag
Fa=mig—mag und Fa=pwghA,
Volume balance for the water: h
Viv = Aho + (A — Ap)h m1 .
Vv — Ahg 0
>h=——7-—
A—A,

The same applies: L=ho+ H+1 < ho=L—-1—H
Insert into volume balance:

Vi —A(L—1-H)

h
A— A,
Insert into force equilibrium:
mi—my = pwAyh
A—A,
b) Equilibrium of moments: ’l
(0%
(m1g — Fa1)s cos(a) = (mag — Fag)s cos(a) .
S mp — pwhidy, = mo— pwhoA, .
Smp—my = pwAn(h — ho) v B
N 2
mq b1

ho2

Inclination angle a:

L—ssin(a) =hpy+H+1 and L+ ssin(a)=he+ H+1

= hgy — ho1 = 2s sin(a)

Insert into equilibrium of moments:

My —mg = pw 2s sin(a)
o = arcsin . = arcsin .
25y A-A, 25pu A-A,
¢) Equilibrium of moments in b) shows:
Fyo ~ phy

psr > pw = Faa 1= hae) l= a1



Problem 2 (12 Points)

To fill a steam engine with water, the valve at the end of the pipe is suddenly opened. The dia-
meter D of the pipe is constant and the length of the pipe is L. The orifice of the large water
tank of the steam engine has the diameter d and is located at a distance Ah vertically below the
exit of the pipe.

VAV

a) Carefully sketch the distribution of the static pressure as a function of the length of the
pipe before and after opening the valve, when a steady state flow has developed.

b) Determine the time AT until 99% of the steady state velocity is reached after opening the
valve.

¢) Determine the distance Ah > 0 under the condition that no water passes by the orifice of
the water tank of the steam engine.

d) What limits must be satisfied for hy, and hg3 such that ste static pressure in the pipe is
greater than the steam pressure pp?

Given: h17 h27 h37 L7 DJ L>> D7 d7 d< D7 P, g, Pa» DPD

Hints:

e The flow is incompressible and inviscid.

e The following integrals are given:

dx 1 a+tz
m = %lna — for |I‘| < a
d 1
/axf—b = aln(ax—i—b) for a#0
T dx T b
/ax—i—b = a—?ln(fmﬁ—b) for a#0

e Check the units and signs of your results!



Problem 2

A

a)
b) Steady state Bernoulli from 0
Pa + pgha
Pa
= Usteady

Unsteady Bernoulli from 0 —

Pa

ov

h ov
wit / 5 ds
N
dt

/0-99Usteady dv
2 2
0 Usteady v

= AT

s AT

c) Steady state Bernoulli: 6 - 7

1
1
1
1
|
1
| Abstand kohst.
1
1
I
A

A

P |

X H/’UO7
Pa 1 |
A T
0 5 3 : 5 6 T
P 2
Da T+ Evsteady + pg(hZ - h3)
Da + gvgteady + pg(_hl + h2 - h3)
\/29(h1 — ho + hg)
P 2 v
Pa+ 50"+ pg(—hy + hg — h3) +p | —-ds
2 ot
d
—UL since D << L
dt
29(—hy + hy — hs) —v* Uzteady — v’
2L N 2L

|
L ln 1 + vst;i}ady
USteady 1- Usteady

L hl(199) B L
Usteady 0.01 \/2g(h1 — hz + hg)

In(199)

P 14
Pa+ PIAL+ S0aay = Pat 507
o 7w D? wd? D?

Continuity: 4 Vsteady U = Uy = ﬁvsteady
—~ Al U% - Ugteady _ Ugteady D_4 .

2g 29 d*

D4
< Ah (hy — hg + h3) (F—1>



d) pmin in steady state flow between 4 and 5

P 9

with Pamin = PbD and Ugteady - Qg(hl - h2 + h’3)
P9
Pa — PD

= ho is arbitrarily chosen : hgper =
P9



Problem 3 (13 Points)

A pump consists of a cylindrical shaft with radius R;, which rotates in an inner cylinder with
radius R,. Both cylinders have the length L. In the gap between the cylinders is a fluid of
viscosity 7. The shaft rotates with the angular velocity w;, at the outer cylinder the torque M, is
measured at the angular velocity wj,.

a) Formulate the momentum equilibrium for a cylindrical element to show the validity of:

o(rr)

or =0

b) Consider the hints and determine the velocity distribution v(r,w,) as a function of the
angular velocity w,.

¢) Determine the maximum torque that can be converted and the associated angular velocity
Wa-

d) Determine the angular velocity w, for which the maximum power is converted.
Ry, Ra, wi, L, 1, 0<w, <w
e Higher-order terms are negligible.
e The flow in the gap is steady and fully developed.

e The following equations are given:

1de*r)  d (1 d(rv))

r2  dr ——77% r dr
d(7)

[ dr

e Check the units and signs of your results!



Problem 3

a) Equilibrium of moments:

7--27rrL-r—(7'+?dr)-ZwL(r—l—dr)'(r—i-dr):0
T

r? — (1 + (;Tdr)(TQ +2rdr +dr?) =0
T
—27rdr — Tdr® — 7‘2@617“ — 2rdra—7dr — @alrdr2 =0
or or or

2rrdr + 7‘2%611" =dr(2mr + %7‘2) =0 daTerme O(2) ~0

o(rT)

or =0

d (1d
b) Use given velocity distribution: = nd— (— (rv)) =0
r

r dr
d(rv)
r

1
Ist Integration: — = (C4; 2nd Integration: rv = 5017’2 + Cy
r
Boundary conditions: v(r = R;) = w;R;;  v(r = Ry) = weRy;
1 1
R?wi = 50133 + 02; sza = §ClR2 + 02

_ 2(R2w; — R2w,) _ R2R?(w, — w;)

O o YT T
R?w; — R*w,  R!R*(w, —w;)1
v(r,wa) = R-r | R-RE r
¢) Maximum moment at w, = 0 = M, = 2rR2L7(r = R,)
d [1 1 205 Cy &
T=—nro [5(71 + Cgﬁl = —nr <_r_3) = 2775 =71(r=R,) = QT)R—g
R?szi
Moo = AT g2 ez

d) Maximum power: P = M,w, = 21 R2L7(r = R,)w, o w,Cy

oP S0 O(w? — wiw,)
ow, Ow,

= 2w, — w; = Wy = w;/2



Problem 4 (9 Points)

The symmetrical flow around two identical half bodies is considered, whose singularities have
the distance b from each other and whose connecting line is perpendicular to the flow direction.

a) Specify the complex potential function F'(z) and the sign(s) of the constants of the ele-
mentary function(s) used for the described flow.

b) Calculate, preferably from the conjugated complex velocity field w(x,y), the velocity
components u(x,y) and v(z,y).

¢) Qualitatively sketch the calculated flowfield. Draw the coordinate system used and mark
the stagnation point streamline(s), the stagnation point(s) and the body contours.

Given: a, b, all necessary constants of the elementary functions

Known complex potential functions:

Potential vortex: F(z)=—%LInz
Source/Sink: F(z)=£ZInz
Dipole: F(z) =3~
stagnation point flow: F(z) = az?

Parallel flow: F(2) = (Us — 1050) 2

o z=x+iy=r-e% =r(cosp+isiny)

1 z
o — — —
z 2z



Problem 4

a) 2 half bodies: 2 sources at distance b + parallel flow
Symmetrical flow field: Sources of equal strength

F(Z) - FParallel + FSourcq + FSourcez

E E : .
= F(z) = uooz—i-%lnz—f-%ln(z—zb) with U, E£,0 >0

Note: arithmetic operation at In(z 4 ib) depending on the coordinate system from the
sketch in part c)

b) complex conjugated speed w = U w
z

_ dF n E n E
w = — = uOO -
dz 2z 27(z —ib)
winl = 2z
z 2z 2?4y

(x,y) +—E G ‘
u(z = U
Y 2r \ 22 +y? 2?2+ (y—b)?

2r \ 2?2 +y? 2?2+ (y—b)?
¢) Sketch:
y
A Kontur der Halb-
korper ist un-
symmetrisch

Staupunkte

Staupunkt-Stomlinie
ist gekrimmt

gerade Trennlinie
bei gleichen

| —>———  Ergiebigkeiten

\th B
T



Problem 5 (11 Points)

Triebwerk

An aircraft is powered by a jet engine, the inlet of which is located on the lower side. For an
angle of attack @ = 0, consider the boundary layer that forms on the lower side of the fuselage
during a subsonic flight at speed U,. The upstream effect of the engine inlet can be neglected.
The velocity profile in the boundary layer can be represented by the following polynomial
approach:

u@y) . (Y

’ = a; \ = | -

U, ; ( ) )

a) Determine the coefficients a; assuming an even flow.

b) Explain and sketch without specifying the formula the physical meaning of the displace-
ment thickness §;.

c¢) For the ratio of the momentum thickness to the boundary layer thickness in the case un-
der consideration d,/§ = 37/315 applies. Prove with the help of von Kdrman’s integral
relation the connection

4] 5,84

z  +/Re,

d) Determine the distance hg between the engine and the fuselage (see sketch) such that no
fuselage boundary layer enters the engine inlet.

Given: p, n, L, U, = const.
Hint:

Kérmén inteeral relati d52+1dUa
von Karman integral relation: — + —
& de U, dx

.
20y 4+ 61) = —2
(202 +31) pUZ



Problem 5

a)

(e a2 v 2)
= a1+ 2a9 (%) + 3as <%>2 + 4ay (%)3

— 24y + 6ay (%) +12a, (%)2

Sl=
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Boundary conditions:

U
15t BC %:o 7 =0=a=0
Y U
2nd BC 5:1 : ﬁzl:a1+a2+a3+a4:1
(1)
3rd BC % =0 L = 0= =0
o (%)
v, &)
4h BC ==1 =0=a; +3a3+4a, =0
g 0(%)
? ()
y Ua
5th BC' = =1 5 =0 = 6az + 12a4 =0
0 a(%)
Thus follows from the 5th BC' a3 = —2ay,
inserted into the 4th BC' a1 = 2ay,
inserted into the 2nd BC a4y = 1 —a3=-2—a; =2

52 (5)-2(5) + ()

b) 1.) Displacement thickness: The distance by which the body must be thickened in a theo-
retically friction-free flow such that the same mass flow occurs as in the actual frictional
flow.




¢) von Karmén’s integral relationship results for the plane problem: T
x

i do,
th —=
W dx

and T,

RER
315 dx

odo
52

SEESS l\3|

d)

| -t.&,
|
/.

d(52 Tw
pUZ

37 ds
315 dx
ou

U, 9 (U—) 20U,
n 8_y =

y=0 0 9 (g) 0

2n
pUL0
630 7
WpUa v
630 nx
WpUa
1260 1 5.84

37 VRe, +/Re,

q.e.d.




Problem 6 (7 Points)

a) Derive the Bernoulli equation without losses for an inclined streamline element.

b) Sketch the mean velocity profile of a turbulent flow in a circular pipe. Mark the individual
layers.



Problem 6
a)

= dv
dFF = dm—
> mo
& —dGsina + pdA — (p + dp)dA

with dG = gdm = pgdsdA and sina = Z—Z
s
d d
= pdsdA—v = —pgdsdA—Z — dpdA
dt ds
o
Pac = “Mds T ds

Since v = F'(s,t), applies:

do 9v  dv v 9(%)

= — = —
a ot Vs o T Tos
Insert results:

v pov? dp dz

L, - Z =0
p8t+28 + Jrpgds
:>p+gv +pgz+p/—ds—const

b) Sketch
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