
Hydrostatics

−→ mechanics of fluids in static equilibrium

Fluids: materials, that can be deformed by the af-

fection of tangential stresses

−→ no tangential stresses in static fluids



Hydrostatics

Hydrostatics:

– total amount of all outer forces

vanishes

– the fluid elemnts are not mo-

ving or are moving with con-

stant velocity

– only normal stresses, no shear

stresse

τ

Normal stresses are pressures

(no internal molecular forces)



essential hydrostatic equation
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dA

dz

z

g all quantities (pressure p, density ρ, . . .)
are functions coordinate z
p(z), ρ(z), . . .

equilibrium of forces

G

p(z)

p(z+dz)

g

z

rho (z + 1/2 dz)





essential hydrostatic equation

Taylor expansion of p and ρ:

p(z + dz) = p(z) + dp
dzdz +

d2p
dz2

dz2
2 + · · ·

ρ(z + dz
2 ) = ρ(z) + dρ

dz
dz
2 + d2ρ

dz2
dz2
4 + · · ·

p dA− (p + dp
dzdz − (ρ + dρ

dz
dz
2 ))g dz dA = 0

−dp
dzdz − ρ g dz dA−

dρ

dz

dz2

2
g dA

︸ ︷︷ ︸

≈0

= 0

−→
dp

dz
= −ρg E. H. E.



pressure distribution

Integration for incompressible fluids

(ρ = const and ~g = const)

dp

dz
= −ρ g −→ dp = − ρ g dz

−→ p + ρgz = const H. G. G.

Integration for compressible fluids

Assumption: perfect gas: ρ =
p

RT

isothermal atmosphere: T = T0 = konst



pressure distribution

dp

dz
= −ρ g −→ dp = −ρ(z) g = −

p(z)

RT
g

∫ p1
p0

dp

p
= −

∫ z1
z0

g

RT
dz

ln p1 − ln p0 = ln
p1
p0

= −
g(z1 − z0)

RT0

−→ p1 = p0 e
−g∆z

RT0 scale height relation!



pressure distribution
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Hydrostatic lift

A body, that is fully or partly submerged in a fluid undergoes an

apparent loss of weight.

−→ Lift

parallel epiped in fluid with density ρF

p(h)

p(h+l)

l

hz
g

p
a

A

ρ
F



Hydrostatic lift

Resulting force Fp in z-direction:

Fp = ( p(h) − p(h + l))A

Hydrostatic pressure: p(z) = pa + ρF gz

−→ Fp = ( pa + ρFgh − pa − ρFg(h + l))A
�
�
�✒

�
�
�✒

�
�
�✒

�
�
�✒

Fp = −ρF g lA
︸ ︷︷ ︸

volum
= −ρF g τ = FL (ARCHIMEDES)

Lift force ⇐⇒ resulting pressure force



STEVIN principle of solidification
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A

g

pa

ρ

G

The force on an arbitrary area A in the fluid corresponds to weight

of the fluid column above + the outer pressure multiplied with the

projected area.

F = G + paA



STEVIN principle of solidification
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A

A

A

τ

τ

τ

u

l

ρ

p

u

l

Total force on a body with the volume τ

FL = pa Ap + ρgτu − pa Ap − ρgτl =
= −ρg(τl − τu) = − ρgτ

−→ FL = − ρ g τ



Example: Balloon in atmosphere
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Example: Balloon in atmosphere

typical values

∆z = 10 m change of density in ∆z

T0 = 290 K ⇐⇒
ρ(z + dz)− ρ(z)

ρ(z)
= e

− g∆z
RLT0 − 1

RL = 288 Nm
kgK ≈ 1.2 0/00

−→ change of density across the height of

the balloon is neglectible.



different envelopes of balloons

τ

p mg

p

i

a

τ
p

mg

i

1.) rigid, open
(hot air balloon)

open −→ pi = pa
rigid −→ τ = konst
open −→ m 6= konst

2.) perfectly loose
closed
(weather balloon)

no forces −→ pi = pa
closed −→ mg = konst
loose −→ τ 6= konst



different envelopes of balloons

p

mg
i

τ3.) rigid
closed
(zeppelin)

no pressure compensation−→
pi 6=
pa

closed −→ mg = konst
no deformation −→ τ = konst



5.2

A container is filled with a fluid of the density ρ. The drain of the

container, filled up to a height h, is closed with a hollow hemisphere

( radius R, weight G ).

Given: h, ρ, R, G, g

Determine the necessary force F to open the drain.

Hint: Volume of a sphere: Vk =
4

3
π R3



5.2
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G

F

Fp

∑F = 0
F −G + Fp = 0
F = G− Fp

Fp = VHK ρw g − ρw g hAHK

The hemisphere is not fully covered.

Fp = 1
2
4
3 π R3 ρw g − ρw g h π R2

−→ F = G − ρw g π R2 (23R − h)



Beispiel

A balloon with a rigid envelope has an opening for the pressure com-

pensation with the surrounding The weight of the balloon without

gas is G. Before launch the balloon is fixed with the force Fs.

G = 1000N ; Fs = 1720N ; R = 287Nm/kgK ; T = 273K
g = 10m/s2

Compute the ceiling in isothermal atmosphere.



Beispiel

FA(z) = G +GGas(z)

FA(0) = G +GGas(0) + Fs







with GGas = ρG(z)gτ =
pG(z)

RGTG
gτ

pL(z) = ρL(z)RLTL
pL(0) = ρL(0)RLTL

→
ρL(z)

ρL(0)
=

pL(z)

pL(0)
= e

−
gz

RLTL

pG(z) = ρG(z)RGTG
pG(0) = ρG(0)RGTG

→
ρG(z)

ρG(0)
=

pG(z)

pG(0)
=

pL(z)

pL(0)
= e

−
gz

RLTL



Beispiel

ρG(z) = ρG(0)e
−

gz

RLTL ρL(z) = ρL(0)e
−

gz

RLTL

ρG(0) =
ρL(0)τg −G− Fs

τg

ρL(0)τge
−

gz

RLTL = G +
ρL(0)τg −G− Fs

τg
τge

−
gz

RLTL

0 = G− (G + Fs)e
−

gz

RLTL ; z =
RLTL
g

ln






1 +

Fs
G






 = 7.84 km



Beispiel



Beispiel




