3 Fluid kinematics

3.1 A circular cylinder is moving in motionless environment without friction at constant velo-

city. Draw the the streamlines and the pathlines for some special fluid particles.

3.2 Determine for the velocity field
u=1ugy cos(wt) v=—vysin(w t)

withuy /w = v9 /w = 1m

a) the streamlines forwt = 0, 7 /2, 7 /4,
b) the pathlines,
c¢) the pathline for the particle, that isat¢ = Osinz = Om, y = 1 m!



4 Basic equations for fluids

vektors, tensors, operators

1.) Scalars (Tensors of rank 0)
e.g. pressure p, density p, temperature T’

— real number (+ physical unit)

2.) Vectors (Tensors of rank 1)

T
e.g. Position vector 7= | y :x-l—l—y-j+z-E,
z

u
Velocity vector v = v) :u-i+v~j+w~E
w

—— n dimensions

3.) Dyads (Tensors of rank 2)
e.g. Stress tensor 7, (U V)

— n dimensions (n x n Matrix)

- o o0 0
Nabla - Operator V. = <%, 3y $>
) = [(Op Op Op
Gradient gradp = Vp = <8:c’ o 82)
o o o\ [ ou D
Divergence div v = V-7 = <8_x’ 8_y’ $> v = 8_3 + a_z
ow o
7 ] i oy 0z
S . o 9 9] |ou ow
Rotation V x v = B 8_3/ 5| = % o0
wovow ov ou

o oy

8_w
0z



Partial derivatives

Total differential of a function f = f (x, y, 2)

_ 9 of of
df_ﬁx dx+8y dy+8z dz

The total differential describes the increas of a function, e. g. for the velocity ¥ = ¥ (¢, z, y, 2)

05 05 05 05
i = ot g+ Dogy Yy
R T e AL W

dv ov 0v dx ov dy n v dz

@ ot T ordt Toya ot

@ — @ + .@+ .@4_ @ —@_F(“.V)."
dt a1 “or T8y T Ve T TV !
~— ——

substantial local convective acceleration



4.1
a) Proof the following identities
1) VxVp =0
2) V x V20 = VAV x 7)
=2
3) (@ V)ﬁzv%—ﬁx(VxU)

b) Formulate the conservation law of mass and momentum for a three-dimensional, incompres-

sible and unsteady flow in vector notation.

4.2
a) A piston is moving in a tube of infinite length and with constant cross section A with the

velocity vpiston(t). The density of the fluid is constant.

o ——— >

VKolben( l)

/
Kolben

Determine the substantial acceleration in the tube.

b) A fluid of constant density flows into a diffusor with the constant velocity v = vy. The cross
section of the diffusor is A(x). Determine the substantial acceleration of the fluid along the

axis .

_—

A(x)

\ 4

—~—



4.3 The following continuity equation is formulated in cartesian coordinates.

dp ou ov ow\
a—F'(a—x‘i‘a—y—'—g) O(qu)
U Uy
with v = v = Uy
w U,

Transform the equation into

a) cylindrical coordinates

Hint: = = r-cos¢ r o= VaZ + 2
_ : _ Yy
Yy = r-sing ¢ = arctan (—)
x
z z

= Z = Z

b) sperical coordinates

Hint: = = r-sin® -cos¢ r = +r2 + y2 + 22
Vo a—)
y = r-sin® -sin¢ © = arctan (H)
z
z = r-cos© ¢ = arctan (Q)
x

4.4 An incompressible fluid with the viscosity 7 is flowing laminar and steady between two
parallel plates

The flow is radial from inside to outside. The determining differential equations in cylindrical
coordinates are

Lopru) 10pve) | dpv)

r or r 00 0z 0
ov, ve O, vg ov\ op 9 (1 0(rv,)
p@m*?m‘7+%ﬂ—‘a+”§;ar

+ i82vr _ 3% + 82UT
r2 002 rz 00 072

Simplify the equations for the flow problem described.



4.5 The Navier-Stokes equations for rotationally symmetric, unsteady, incompressible flows in

cylindrical coordinates read:

la(r-vr) ov, 0
T or 0z
avr+ %‘F % __@_l_ ﬁ 12( ) +82v,,
p ot Ur or ve 0z N or n or \r oOr mor 022
v, + % + % - _ @ + lﬁ v, + o’ Yz
p ot Ur or ve 0z N 0z n r Or " or 022
oT oT oT
P Cp E Uy 5 + v, B =
dp ([0 or\ &T] 8vr2+<&>2+8v22+ 8vz+8w2
dt r Or " or 022 n or r 0z n or 0z

Consider a steady, laminar, fully developed, incompressible duct flow with temporal and spatial

variable temperature distribution.

. R |
R AN
)/
| p

z

Simplify the equations for the case described.
4.6 The Navier-Stokes equations for unsteady, incompressible flows in graviational field read:

V- =0

dv

por = —Vp + VT + pf

Formulate the equations for a steady, frictionless, twodimensional flow in a cartesian coordinate

system (x, y).



5 Hydrostatics

5.1 A cube swims in two fluids that are arranged in layers.

\/
0
K P
h \ lg
Py
. a

p1 = 850 kg/m? po = 1000 kg/m>  px =900 kg/m>  a=0,1m
Determine the height A!

5.2 A container is filled with a fluid of the density p. The drain of the container, filled up to a
height h, is closed with a hollow hemisphere ( radius R, weight G ).

Given: h, p, R, G, g

Py
—
__:_— lg

Pa R

1

Abfluss

Determine the necessary force F' to open the drain.

4
Hint: Volume of a sphere: V;, = 3 T R3

5.3 A buoy with the mass mp, which is open on the lower side, is fixed with a cable at the
bottom of a sea, and sticks out with a third of its height if the cable is not strained (Sketch
1). With increasing water level the buoy is drawn under the water surface (Sketch 2) and sinks

when the immersion depth is H.

Determine H!

Given: mp, Pas PW, h7 g, pr << pw



)
I

Hint: Assume, that the temperature inside of the buoy is constant and the enclosed air can be

treated as a perfect gas. Neglect the weight of the cable.

5.4 A ship with vertical side walls has a weight of Gy Its draught is hy and it displaces the
volume 7y in sea water. At the entrance of an estuary the weight is decreased by AG in order
to avoid the ship runs aground. Now the draught is h; and the displaced volume is 7. The

density of sea water is pys, the density of the rivers water is pp.

lg
A
< >

A hl
S hzh
NN s/
\\\\~ // / Y
7
e _,// '
/ Y

Go=1,1-1°N AG=10N hy=11m h =10,5m
par = 1,025-10% kg/m?®  pp =10° kg/m® g =10 m/s?

Determine

a) the volume 7y,

b) the deck area A,

¢) the difference 75 — 71 between the displaced volumes in fresh water and sea water,
d) the draught hs in fresh water!



5.5 The sketched weir of length L separates two basins of tdifferent depth.
Determine the force of water onto the weir.

Given: p, g, L, a

4a R
g 2a R pa
v
a -
v v
= P 0
Je,
S5a
'y
a.
2a
y A

5.6 A boiler with a small hole at the top is filled with water and is screwed on a plate.

>

Pw

R=1m pw=10%kg/m> ¢g=10m/s>
Determine the force on the screws by neglecting the boilers weight.
5.7 A vehicle filled with water is moving under constant acceleration a, in z-direction.

1. Determine the pressure gradient Op/0z by using the balance of forces at the plotted volume

element of length dr and of an area dA.
2. Determine the vehicle length .

Given: h, pw, g, Gy
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5.8 A liquid rotates in an open cylindrical jar with a constant angular speed which is such
that the liquid just reaches the upper border. Under quiescent condition the liquid fills the jar
up to a height of hyg.

D=0,5m hy=07m H=1m p=10%kg/m*> p,=10° N/m?> g¢g=10m/s*

Determine
a) the height h and the angular speed w,
b) the pressure distribution along the side wall and the bottom!

Hint:

B _Op dp
9 pg dp = 8Talr—l— 8Zalz

5.9 A spherical, open, and rigid gas balloon is designed for a ceiling of H = 10km in isothermal

atmosphere (temperature Tp).

N
H =10"m, R, = 287 2 4=102

K 5 T = WK
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Loch

What is the ceiling h, if a hole is in the envelope (see sketch)?

5.10 A wheather balloon with mass m and initial volume V} ascends in an isothermal atmos-

phere. Its envelope is loose up to the achievement of the maximal volume V.

Iz

po =105 N/m? po=1,2Tkg/m> m=25kg Vo=28m> Vi=10m3
R =287 Nm/kgK g=10m/s*

a) What is the necessary force to hold down the balloon before launch?
b) In what altitude the balloon reaches its amximum volume V;7

c) What ceiling reaches the balloon?
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6 Continuity and Bernoulli’s equation

6.1 A large lake is connected via overflow to a reservoir and via pipe system with a lower lake
(see sketch).

Determine the total volume flux V' that flows into the lower lake when the overflow is opened.
Hint: Neglect the altitude difference in the horizontal pipes and neglect friction!

Given: p, g, h, A

l o |

Reservoir

7772

<

6.2 In order to determine the velocity in a duct flow the pressure difference Ap is measured.
Through strong obstruction the pressure difference deviates from the dynamic pressure of the

undisturbed incoming flow.

_ Voo |
N T=2
P
=\
Va
Apu

[2A d
Outline the distribution of vy, / 220 i terms of ) for frictionless flow.
p
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6.3 An incompressible fluid of density p is flowing stationarily from a large tank through a

well rounded exit of radius R into the surrounding.

Given: H, hg, R, p, g
Determine the radius r(z) of the jet as a function of the altitude z.

6.4 Water flows from a large pressurized tank into the open air. The pressure difference Ap is

measured between the cross sections A; and A,.

p Pa

AL =0,3 m?, Ay = 0,1 m?, As = 0,2 m?, h=1m,
p =10% kg/m3, pa = 10° N/m?, Ap =0,64-10° N/m?, g=10m/s?
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Compute the
a) velocities vy, vq, vs3,

b) pressures py, pa, ps3 and the pressure p above the water surface!

6.5 Two large basins located one upon the other are connected with a duct.

(r_._,__.;__ ..... ~

A=1m?, Ay =0,1m?, h=5m, H =80 m,
pa = 10° N/m?, p =103 kg/m3, g =10 m/s?

a) Determine the volume rate!

b) Outline the distribution of static pressure in the duct!

¢) At what exit cross section bubbles are produced, when the vapour pressure is
pp = 0,025 -10° N/m??

6.6 The flap at the exit of the water pipe (constant width B) of a large container is opened

abruptly. The appearing flow is without any losses.
Given: H, hy, ho, g, L ; L>>h
Determine

a) the differential equation for the exit velocity vs
b) - the local acceleration
- the convective acceleration

- the substantial acceleration
L . . . .
at x = 3 when the exit velocity reaches half of its asymptotic final value!

Hint: The computation of v(t) is not necessary for solving this problem.
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o~

6.7 The exit of a large container is build as diffusor. The flap at the end of the diffusor is
opened at t = 0 abruptly.

Given: L, p,, p2 = pa, As, h

Determine p
. (% . . . .
a) the acceleration —2in point 72" immediately after the opening,
b) the position x in the diffusor, where the the pressure has its maximum, when v, reaches

half of its asymptotic final value.
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6.8 Water flows from a large reservoir into a lower lying basin whose drain orifice is decreased

to one third of its origin size abruptly.

Determine the time interval in that the water surface quadrupels from its origin altitude h.

dh\’
A=0,03 m?, Ap =1m?, h=5m, g =10 m/s? (E) << (v4)?
| | g
T v
A - h
_____{___!___:“;_-':__ Y
| -
) Az
| 4h
s A __-_- J Vh v

d
Hint :/a—ii/i = 2[(@—\/5) - a ln(a—ﬁ)} +C
6.9 A spring well fountain is feeded from a large container. When the pump is switched on a
pressure difference of Ap is created. After a time of 7. 6 seconds the velocity at the end of the

duct reaches 99,9 % of its asymptotic value (v(4—o0))-

—‘7-\2
8 N
Pa i
VO ¥
. L
' “w t{ )1
I eh

Tooo=T76s, L=10m, g=10m/s*
At 71”7 the fountain is a free jet.

a) Determine the altitude h of the fountain for t — co.
b) At what time t;/, it reaches 50 % of this altitude?
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Hint: Neglect the friction losses!.

1 1
/7dx:—lna+aj

6.10 A piston pump surges water with a vapour pressure pp from a reservoir. The piston has
the frequency w and the stroke &;. The pump has a constant cross-section A and the pistons

position is in the altitude h above the water surface. The length of the inlet is L.

Pa

Given: p,, L, &, h, A, p, pp, ¢

a) Determine the nondimensional pressure pr / (pL?w?) = f(w) at the piston head in terms
of the piston frequency.

b) Determine the critical pump frequency for &, << L when the vapour pressure pp is just
reached at the piston head.

¢) Determine the average displaced volume per time V.

6.11 Water flows under the influence of gravity from a large reservoir through a convoluted
duct into open air. At ¢ = 0 the convoluted duct is accelerated by an engine up to the angular

speed w;..

a) At what time AT the flow reaches 50 % of the velocity which is at ¢ — oo in the vertical
part of the duct?
b) Determine the pressure at point | 1| for ¢ — oo in the duct that rotates with w = w;..

Given: h, I, R, A, w., pw, Da, G
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I

Hint:

/ dx 1 a+w _ Op 9

a? — z2 2a a—x or



19

7 Momentum and momentum of momentum equation
7.1 A pitot tube in a gas pipeline is connected via two u-tubes with a pressure hole (see sketch).
Determine the force F' on the fitting of the pitot tube. Assume an incompresible fluid! Neglect

the friction in the pipeline!

Given: pg,>pgas, 9, Ahi, Ahg, D

pGas >

[
Ah,
/)Hg

7.2 Determine the pressure difference Ap = py — p; in the plotted bifurcation by neglecting
the friction.

1
Given: vy, vg, Ag = EA’ a, p = konst.

» v Vs »
/O >

A
P P >
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7.3 Water is flowing through a bifurcation into open air stationarily. The pressure in the
incoming tube is Ap higher than in the surrounding.

1

|

!

! Vi
_._!,.__p_.

|

/

A1:O,2m2 A2:O,03m2 A3:O,07m2 042:30 043:20
Ap = 10°N/m? p =103 kg/m3

Determine

a) the velocities vy, vy, vs,
b) the force F; in section 1,

c) the angle a3, when Fj, vanishes.

7.4 A flat plate of constant thickness with the mass m and the length [ is hung at a hinge and

is passed by a planar water jet of height A and width B with the velocity v. The flow in the
jet is without any losses.

a) Determine the force Fi, at the lower end of the plate, that is necessary to fix the plate
in a vertical position.
b) Determine the necessary forceF;, when a deflector blade is mounted on the plate.

c) Compute the rotation angle  for the steady state if the plate is swinging undisturbedly..

Given: m, a, I, h, B, v, p, g, Pa

Hint: The volume forces are neglectable.
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7.5 A rocket is moving at constant velocity. The passing air is displaced radially. Inside the

jet the velocity is v4, outside v;.

P
e —_—
— —
—_— —
— _
—_ I/—>
— _
. Va4
. Ap P4,
— l\_.
—_ | —
— —
— —
— —

Vi Vi

Given: vy, va, p1, pa, Ar
Determine

a) the displaced air mass,
b) the thrust and the engine power.

7.6 A propeller is passed with constant velocity v;. At a certain distance downstream of the

propeller the velocity inside the jet is v, and vy outside the jet.

A'=706m> v,=>5m/s wvy,=8m/s p=10°kg/m?
Determine

a) the velocity v’ in the propeller plane,
b) the efficiency.
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7.7 The shell of a propeller is passed with constant velocity. The inlet is well rounded.

Pi

— —

— —

— —

_, & .

— - >

— I
1 \')

—_— — o=l - —=

— _

— - >

N - >

m y

— —

— —

— —

Vi Vi

A=1m?> wvy=10m/s p =1,345-10° N/m?*  pp =10° N/m?*  p=10% kg/m?
a) Outline the distribution of the static pressure along the axis

and determine

b) the mass flux,

c) the thrust,

d) the power that the propeller emits to the flow.

7.8 Two fans sucking air from the surrounding differ in their inlets

Given: p, A, Ap

O8]
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Compute

a) the volume flux,
b) the power of the fans,
c) the force on the fitting.

7.9 An air cushion vehicle of weight G, width B and length L is hovering above the ground in
steady state.

NG
s Y

Compute by neglecting the friction and the compressibility

a) the pressure p; and the volume flux V that is flowing through the hover craft,
b) the power that is emitted from the fans to the flow and the power losses throught the

accumulation of vortices.
Given: Ap, p, G, A, BL =20 A, h(B+L)=A

Hint: Neglect the differences between the geodetic altitudes.
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7.10 A ball of weight G is passed frictionless by a fluid jet (e. g. air jet) and is hovering from
the forces of the jet. Tne jet is flowing with the velocity v; under the influence of the angle oy
(see sketch).

Determine

a) the downstream velocity vy
b) the angle a of the downstream jet,

c¢) the mass flux 7, to hang the ball in balance.

Given: vy, G, .
Hinweis: Neglect the force of gravity of the jet!

7.11 A sprinkler with three arms is supplied by a large tank and rotates with the angular
velocity w = const.. The angle between the outflowing jets and the circumferential direction is

Q.

Jo

H=10m R=0,5m h=1m A=0,5-10"%m? A; =1,5.10"*m? a =30
pa =105 N/m?  p=10% kg/m*®  g=10m/s? w=15s""

Determine

a) the relative exit velocity,
b) the torque and the volume flux,
¢) the pressure py,

d) the maximum torque.
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7.12 A atnk with the weight G is fixed in a rotatable bearing in D. Its drain-pipe has a 90°-
bend. The center of gravity of the system has the distance h to point D. What is the angle «

between the pipe-axis and the vertical axis, if the water flows without friction?

Given: G, [, h, A, p

Hint: The tank is such large that the water surface is not moving.
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9 laminar viscous flows

9.1 An oil film of constant thickness and width is flowing on an inclined plane.
§=3-103m B=1m a=30° p=800kg/m*> n=230-10"3 Ns/m?> ¢g=10

m
52

Calculate the volume flux.

9.2 A viscous oil film is flowing on an inclined plane (angle o) under the influence of gravi-
ty. The wall temperature of the plane is Tj and the temperature at the surface of the oil is T}.
The temperature distribution of the oil is linearly in terms of y and constant in z-direction.
The thickness of the film is 0 and is constant. The kinematic vviscosity v is constant and the

density in the important temperature range is Temperaturbereich mit

T
p=po-e

The density is independent of the pressure

Given: 9, 5) a, UV, Po :p(y20)7 Ty :T(y:O)> Ts :T(y:(S)
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a) Compute the shear stress 7(y).
b) Compute the velocity u(y).

0
c¢) Show that 8_p = (0 by using the momentum equation in y-direction.
x

9.3 A car is in a wind tunnel with the velocity u... To simulate the relative motion between
the vehicle and the roadway a bend-conveyor with the velocity ., is mounted unde the fixed
car (see sketch). Between the lower side of the vehicle and the bend-conveyor a gap flow is
formed. The flow shall be analyzed for

1. for the non-moving bend-conveyor (ug =0) and

2. for the moving bend-conveyor (up = o)

Assume, the flow is fully devloped in both cases. The following relation is valid:

dp dPu . dp
%:nd—y? mit %:kon5t<0

a) Compute and sketch the velocity profiles u(y) in the gap for the non-moving and the
moving bend-conveyor.
b) Compute the friction per unit width, that the flow affects on the lower side of the car over

the length [ for the non-moving and the moving conveyor.

dp

Given: —
dz’

h? l? 777 /U/OO

yh

—_ f [ .
e

7 i ®)

@

=]

9.4 A Newtonian fluid is flowing between two horizontal plates. The upper one is moving at a

velocity u,,. The lower oneis standing still. The pressure is decreasing linearly in x-direction.

Given: H, uy, p, n, dp/dx

Determine for a fully developed laminar flow

a) the velocity distribution,



28

Uy

"l

b) the relation between the shear stresses at y =0 and y = H,
¢) the volume flux for a width of B,

d) the maximum velocity for u,, = 0,

e) the momentum flux for u,, = 0,

f) the wall shear stress in non-dimensional form for u,, = 0.

g) Outline the distribution of the velocity and the shear stress for w,, > 0,u,, = 0, and u,, < 0.

9.5 An incompressible fluid is flowing through a pipe with radius R. The volume flux is V.
The shear stresses are depicted with the model of Ostwald-de-Waele

du

dr

du

T = —Nodw o

Given: V, L, R, Nodw

The pressure decreases within a length of L with Ap.

Compute the pressure decrease Ap for a fully developed pipe flow.

Hinteis: The equation of motion for a fully developed flow

dp d
P (17)

dx dr =0

r
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9.6 The velocity distribution of a laminar pipe flow can be described in the inlet with the
following approximation

Given: u,,, R, p, 1

Um

|
v

_ -

vt = 6(4

\H
|

Le

Determine in the inlet cross section, at the end of the inlet section and for /R = 0,5

a) the momentum flux,

b) the wall shear stress.

9.7 The velocity wu; in the inlet cross-section (1) of a circular pipe with radius R is constant.

In the cross-section (2) the velocity of a fully developed laminar pipe flow can be written as

2
parabola of the form uy(r) = u,y,,. [1 — (%) 1

u r
P Py 2(r)

Given: p, R, uy
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Determine

a) the pressure loss (p; — p2),

b) the coefficient of the pressure loss (g = (p1 — p2)/ Pgz

2

Hint: Neglect the wall friction.

9.8 A Bingham fluid is flowing between two infinite parallel plates under the influence of

gravity.

w(y) '

-
A4

Given: b, p, n, 79, g, dp/dz =0
Assume a fully developed flow and determine

a) the distance a,
b) the velocity distribution.

9.9 A Bingham fluid is in a basin. A vertical bend-conveyor, moving with the velocity ug is

used to transport the fluid in another basin.

)
Given: ug, 9, g, 0, m, To = 995
d d
T = Y y
du du

—To—nd—y fir — >0
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a) Determine and sketch the distribution of the shear stress in section I.
b) Determine and sketch the distribution of the velocity in section I.

¢) What is the minmum velocity up i, for conveying mass?

Hint: The flow at the conveyor is fully developed and laminar. The thickness § of the fluid is
assumed to be constant.

9.10 A Newtonian fluid is moving between two coaxial cylinders.

u(r)
—

ool 4

X

Given: R, a, n, dp/dx
Bestimmen Sie fiir eine ausgebildete laminare Stromung

a) the velocity distribution. Outline the result,
b) the relation of the shear stresses for r = a and r = R,

c) the average velocity.
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9.11 A Couette viscosimeter consists of two concentrical cylinders with the length L. The
interstice is filled with a Newtonian fluid. The oute cylinder rotates with the angular velocity w,

and the inner one is standing still. At the inner cylinder the hinge momentum M, is measured.

R,=0,11m R, =0,1m L=0,1m w=10s"" M, =7,246-10"3 Nm
Determine

a) the velocity distribution,
b) the dynamic viscosity of the fluid.

Hint: The differential equations for the velocity- and the shear stress distribution are:

a4 li( )| =0 _ i<ﬁ>
dr |rdr v N T nrdr r
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10 Turbulent pipe flows

10.1 Proof the following rules:

¢) f-g=7F79
aF _ of
0 55 = 35

e) [ f-ds = [ f-ds.

10.2 The velocity profile in a fully developed flow in a pipe with a smooth surface can be

approximated with the potential law:

17;}% = (1 - %)_ , mit n = n(Re).
Re n
1-10° | 7
6-10° | 8
1.2-10% | 9
2-10°% | 10
[/ L )
R >
ll” >
)
& P 4

a) Use the continuity equation to compute the relation between the average velocity v, and
U,
the maximum velocity U,qz, 1. €. — = f(n).
r max
b) At what position — is o(r/R) = 0,,7

¢) How can the results of a) and b) be used, if the volume flux shall be measured?

10.3 The velocity distribution of a turbulent pipe flow can be approximated with the following
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law: @ / tmee = (y /| R)V7.

Umax

N
N

h 4

Determine

a) the ratio of the velocities @, / Umaz,

b) the ratio of the momentum fluxes I / p @2, m R2.

10.4 Water is flowing through a hydrauliccaly smooth pipe.
D=0,1m Re=10° p=10%kg/m> n=10"3 Ns/m?
Determine

a) the wall shear stress,

b) the ratio of the velocities @, / Umaq,
Y Uy

c) the velocity for Y% _ 5 and for = 50,
v
Y Ux

d) the mixing length for = 100.
v

10.5 Water is pumped through a pipe (roughness k) from h; to hs.

v
= L/2 L/2
h . v |l .

——— — . — . > RN —— A

777777 b AN RN NN

V=063m3/s hi=10m hy=20m L=20km D=1m k,=2mm
p=10%3 kg/m?* v=10"°%m?/s p,=10° N/m?> ¢g=10m/s*
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a) Sketch the distribution of the static pressure along the pipe axis.
Determine

b) the pressure at the pump inlet,
c) the pressure at the pump exit,
d) the net power of the pump.

10.6 The pressure decrease Ap along L is measured in a fully developed pipe flow with the

volume flux V.

V=0,393m3/s L=100m D=005m Ap=12820N/m?> p=900 kg/m?
n=>5-10"% Ns/m?

Determine

a) the skin-friction coefficient,
b) the equivalent roughness of the pipe,
¢) the wall shear stress and the force of the support.

d) What is the pressure decrease, if the pipe is smooth?
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10.7 Air is pumped with a fan through a rough pipe with a well rounded inlet.

N R

(|, L d P

L=200m k;=1mm

Determine the ratio of the net power for D = 0,1 m and D = 0,2 m for a constant volume

flux. Assume a very large Reynolds number.

10.8 Water is pumped through a channel with a quadratic cross-section. At a certain position

the water is pumped through a bundle of 100 pipes with the length L.

|
II)I 7y
| g

V=0,01m3s L=05m a=0,1m D=0,00m p=103kg/m> n=10"3 Ns/m?
Compute the length of the channel that produces the same pressure loss as the pipe bundle.

Hint: The pipes are hydraulically smooth.



11 Similarity theory

a) dimensional analysis

Frequently used quantities and their dimensions

Quantity Dimension
* Length L meter, m
* Mass M kilogram, kg
* Time t second, s
* Temperature T Kelvin K [1K] = [°C] + 273,16
Force F' Newton N, kgszm
Velocity u, v, w, d m/s
Acceleration a, b, @ m/s?
Density p kg/m?
Pressure, Stress p, 7,0 Pascal, Pa = N/m?
Massflux 1 kg/s
Volumeflux V m3/s
Momentum, work, energy M, W, E Joule, J = Nm
Power P Watt, W = Nm/s
dyn. viscosity pu,n Ns/m? = kg
m-s

kin. viscosity v m?/s
spec. heat capacity c,, ¢, J = m’

kg K s*-K

J m?

spec. gas constant R o K =2 K

*  Basic dimensions
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11.1 The wake of a long cylinder with the diameter D is anlyzed experimentally in a wind-
tunnel. On certain circumastances a periodic vortex configuration is generated, the Karman
vortex street. The dimensionless parameters of the problem shall be determined. How many
variations of parameters are necessary in this investigation to measure the frequency of the

vortex street?

TN @
N \)C\DC\D

11.2 A liquid is flowing steadily through a hydraulical smooth pipe. The flow is laminar and
fully developed.
Ap

a) Deduce from the Ansatz V= <T> n° D" the Hagen-Poisseuille law by using the dimen-

sional analysis!

b) Show, that the skin-friction coefficient in a pipe is inversely proportional to the Reynolds

number!

11.3 An upward directed flow develops along a vertical plate with the temperature Ty,. At a

large distance away from plate the temperature is 7T,,. The temperature distribution can be

written with the equation

n

Deduce, using the dimensional analysis, an expression for the temperature ratio T i
w— 1o

terms of the nondimensional coordinate

o Y
:U’_f(mvgupan)‘

11.4 What is the ratio of drag for spheres with different diameter and with the same Reynolds
numbers, if one is flown against with air and the other with water and if the drag coefficient

is only a function of the Reynolds number?

Pr_p125.102 M= —1.875.1072

Pw nw
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11.5 The necessary power of a car with quadratic surface A to overcome the air drag shall be
analyzed experimentally in a windtunnel test. The surface of the model must not exceed A,

from technical reasons.
A=4m* A,=0,6m*> v=30m/s

a) Choose the wind velocity for the model tests?
b) Determine the power of the car, if the drag force Fj;, = 810N is measured at the largest

possible model!

11.6 An axial fan (diameter D, number of revolutions n) shall be designed for air. In a model

test with water (reduced scale 1:4) the increase of total pressure Apj is measured.
V=30mds D=1m n=12,5s" p=125kg/m® n=1,875-10"° Ns/m?

P =10° kg/m* 1 =107 Ns/m*>  Ap,=0,3-10° N/m?

Determine
a) the volume flux and the number of revolutions in the model test,
b) the increase of the total pressure for the fan,

c¢) the power and the torque for the model and for the fan.

11.7 A pontoon swims at the bank of a river. A test with a model and the reduced scale 1:16

shall be carried out.

L=3,6m B=12m H=2"7"Tm v=3m/s

Fly,=4N W =25cm  p=10°kg/m?
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Determine

a) the flow velocity in the experiment,

b) the resulting force on the pontoon, if the model force is FYy,,

¢) the drag coefficient of the pontoon,

d) the height of the wave h upstream of the pontoon, if the wave height in the model is A'!

11.8 The following Couette flow can be described with a partial differential equation

op 0*u
or n@yz
L »
uOO
//////////////////////////// >
® h 77 o
S u=0
2 y
L >
Ap X

a) Determine the dimensionless parameters of this problem using the method of differential
equations.

b) How many parameters are achieved with the II-theorem?

11.9 Deduce from the momentum equation in x-direction

P\at " %0r Ty ) T Tar T\ a2 T 9y

the dimensionless parameters!

11.10 In a gas flow the heat transfer is determined from the viscous effects and from heat

conduction. The influencing quantities are the heat conductivity A [ ], the dynamic vis-

gm

3K
k

cosity n [_g] and the reference values for the temperature, the velocity, and the length. The
ms

physical relationship can be described with the energy equation

92T ou\’
Aa—yz”(a—y) -0
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Deduce the dimensionless parameters of the problem

a) with the method differential equations

b) with the II-theorem.

c) Expand the resulting parameter with the specific heat capacity ¢, and formulate the new

coefficient as a product of three different parameters.

Hint: The material quantities are constant. The fourth basic dimension is the temperature.

11.11 The equilibrium of forces in a fully developed laminar pipe flow is described with the

dp nd [ du)
—%%-pg%—;% (T%> = 0.

differential equation

I
|
I
| u(r)
i
I

Determine the parameters of the problem
a) with the method of differential equations
b) with the II-theorem.

Interpret the relationship between the solutions of a) and b)

11.12 The hydrodynamic attributes of a motor ship shall be analyzed with a model in a water

cahnnel.

a) Determine the dimensionless parameters of the problem with the method of differential
equations using the momentum equation in z-direction, that is decisive for the wave motion.
dw dp

= \V&
Pt 92 pg +nV-w

Use only the given quantities.

Given: lv Uooy T, Ps 9
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b) Compute the velocity u’  and the kinematic viscosity ' of the model fluid such that the
flows are similar.
Given: uy, v, I/l =10

¢) Compute the power of the motor ship at the velocity uq..
Given: [/l' = H/H' = 10, us, u.,, p, p', Drag force in the experiment F’

4

— —u. H

z f >
n.p.v

Original

0.

11.13 The energy equation for steady, compressible flows with constant material quantities is
A O W2 8*u du 2+>\02T
—|c — v— — | = un=— — —
Por \@ 2 B oy \ " 2 n@yz g Ay Oy?
Determine with the method of differential equations

a) the dimensionsless form of the differential equation,
b) the dimensionless parameters of the problem.

c¢) Determine the isentropic coefficient v , if the equation is independent of the Mach-number
Uoo

-

Coo

Hint: ¢ = \/yRT Cp = ——



43

11.14 The steady flow of a water jet colliding with a deflector blade shall be analyzed experi-

A\

mentally.

Py Ny | D

4

a) Determine with the method of differential equations from the z-momentum equation

ou N ou 19p L 0%u N 0%u
U—+v—=——"+-|=—+=—
ox dy por  p\0x? Oy?

the dimensionless parameters of the problem. Use only the given quantities as reference quan-

tities and define the reference velocity by using the pressure difference pg — p,.

b) Interpret the solutions of a).
Given: D7 Pas Po, NMw, Pw

11.15 The laminar boundary layer flow on a flat plate, neglecting the viscous heat, can be

described with the continuity, the momentum, and the energy equation in the following form:

ou_ o0
or Oy

Loy _
P\ "oz dy _nﬁyz

:)\—

or _ or\ T
U B

a) Determine the dimensionless parameters of the problem.
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b) Reformulate the resulting parameters by using well known parameters of fluid mechanics.

Assuming constant material quantities the flow field is independent of the temperature field.

Both distributions can be computed separately.

c¢) Specify the assumptions to determine the temperature distribution in the boundary layer

directly from the velocity distribution.

Hint for ¢): Compare the differential equations and assume that the velocity distribution v(x, y)

is already known.



14 Potential flows

Complex Potential Potential Streamfunction
F(z) oz, y) U(z,y)
(U — Vo0 )2 Uso + Vool Ul — Vool

Parallel flow

El

—In

2 :

Source E > 0, Sink E < 0

E E
%lnr: %ln\/xzjty?

FE " Y
—p = — arctan =
27rg0 2T T

r r
——Wilnz %arctan% —%ln\/xzjtyz
Vortex, I' < 0 clockwise
I' > 0 counterclockwise
m mx my
z x? + x? + y?
Dipole
+—1 + 1 .
00 a_ 00 - 1n o] a_
UsoZ + 5 Inz UooT + o InT Usol + 54
Parallel Flow+Source/Sink
R? R? R?
toolz + ) (1 + =) wa(1 = )
Parallel Flow + Dipole =
Cylinder Flow
2 _ R? r R? r
uoo(z+7) —%zlnz uoox(l%—m)%—%gp Uy (1 x2+y2) %lnr
Cylinder Flow + Vortex
r
Parallel Flow + Vortex UooT + 7% Uy — — Inr
T

45



46

velocity velocity velocity Streamlines
u v = Vu?+v? 1 = const
Uoo Voo Coo = yJUZ, + V2 // yI
X
yt
E =z E vy E
21 12 + 12 21 22 4 y? 27r rd
Y
r Y r = r
21 % + 12 21 x? + 12 2nr j#
Y
y? — 22 2xy
L 22 T )2 2
(#* +92) (=% +y?) X
y
w2 | £y j E
0 2ma? g2 21 22 + 12 4 2u,
-E/(2TTu.,) *
on the cylinder:
y b
/\
Qoo sin? —2Uso SiN Y oS ¥ U | sin | \ (, g% ) R ,
X
V
on the cylinder:
Y
20, sin? @ +2u Sin @ cos @ 2U 0| sin | >
r r r
. - - o
2R TonR ¥ 27 R
y
r w r =z
U — — ———— —
21 % + y? 21 12 + y? x
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14.1 The twodimensional flow around the sketched body shall be described with the potential
theory by superimposing a parallel flow, a source, and a s ink with a distance a from the center,

respectively.

Determine

a) the positions xs of the stagnation points.

b) What is the equation to determine the contour of the body?

14.2 Proof, if the stream function and the potential exist for the following velocity fields!

a) u=a%y, v=uyx

b) u =z, v=y
c) u=y, v=—I
d) u=y, v=u1

Compute the stream, function and the potential

14.3 The stream function is given v = 1)1 + 19
r
with ¢y = ——1In/(z — a)? + 2
2T
or

lpgz—%lﬂ (z+a)?+y?

Given: a, I' > 0

Determine

a) the coordinates of the stagnation point,

b) the pressure coefficient on the z-axis ¢,(x,y = 0) such, that ¢, = 0 in the origin of the
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coordinate system.

v

A
A 4

A 4

14.4 The complex stream function is given

Given: L, uq
Determine

a) the potential ¢(r,#) and the streamfunction ¥ (r, 6).

b) the components of the velocity v, vg.

c) the constant E such that a stagnation point is at (x = —L,y = 0) ,
d) the equation that describes the contour r(f).

Hints:

z=1 +iy =re”

Lo _1ow 106 _ v

T ar T roe T roe T or
ylk
®

r

e

v

U
14.5 A planar flow is described by the stream function ¢ = (f)xy The pressure in ,.r =

0, Yref = 1 m 8 prey = 10° N/m?.

U=2m/s L=1m p=10% kg/m?
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a) Proof, if the flow has a potential!

Determine

b) the stagnation points, the pressure coefficient, and the lines of constant total velocity
c) the velocity and the pressure at x; = 2m,y; = 2m,

d) the coordinates of a particle at ¢ = 0.5s, if it passes at ¢ = —0 the point z1, y,

e) the pressure difference between these two points.

)
f) Sketch the stream lines.

14.6 A plane half-body with the width 2A is flown against with the velocity ..

2h

v

Poo

Gegeben: s, Poo, h
Determine:

a) the stagnation point and the velocity at = = x,, y = h,
b) the contour of the half-body,

¢) the pressure distribution on the contour,

d) the isobars,

e) the curve on that the pressure is guio larger than the pressure p,, at infinity,

f) the lines of constant velocity,

g) the area in which the velocity v is larger than uﬁ,

h) the curve on which the streamlines have an inclination of 45°,

i) the maximum deceleration for a particle on the z-axis between x = —oo and the stagnation

point!
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14.7 The following stream function is given

a) Sketch the stream lines for 2 + y? > R? .
Determine

b) the pressure distribution on the contour ¢ = 0,

¢) the time, a particle needs to come from point z = —3R, y = 0 to point z = —2R, y = 0.

14.8 A bridge pylon with a circular cross-section is flown against with the velocity us.. Far

away from the pylon the water depth is h.

|
e [
|

—_— e - 4] ————m - —

W | — R,

|
|
7

Uso = 1 M/S heo =6 m R=2m p =10 kg/m? g=10m/s*

Determine

a) the water depth at the pylon wall as a function of 6,
b) the water depth in the stagnation points,

¢) the smallest water depth over the ground.

Hint: Assume a twodimensional flow.
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14.9 A wind energy facility shall be positioned on a hill. Assume, that the wind flow can be
described with a potential flow to determine the energy. The flow over the hill is given by the

stream function

assuming that the countour of the hill is a streamline itself.
y A

—~ '~
- NI H
~

.~ .
— .
A4 —_—

. H
e

a) Compute the contour of the hill fi(z,y) = 0 in cartesian coordinates,
b) Compute the power that can be extracted from the flow between the contour and the contour

line in a distance H
I. far away from the hill (x — —o0) and

II. on top of the hill (x = 0).
c) Sketch the potential theoretical velocity profile on the hill (z = 0) as well as a realistic

profile for viscous flow.

Given: uy, p, H

14.10 A rotating cylinder of length L is flown against with the velocityu,, normal to its axis

At the surface, the rotational part of the velocity is v;.

=y

N
J

a) Determine the circulation.
b) Discuss the flow field for v; = uq..
c¢) Compute the force on the cylinder.
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14.11 The twodimensional flow at a 90°-corner can be described with the complex stream

function

F(z) = Az3, A = konst.

O =

|V|:u1

v

Given: |U] (=i, g=0) = w1
Determine:

a) the constant A

b) the pressure distribution ¢, along the wall. Sketch it!
c¢) Sketch carefully the lines of constant pressure.

d) What is the equation r = r(#) for the streamlines?
e) Sketch the flow field.
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14.12 The stream function ¢ (x, y) for the flow of an incompressible fluid through the sketched
plane nozzle is given.

Y(z,y) = Lqu

h(x)
Given: Uy, L, B, hy =L, hy = %L
y’ h A
2L R

L T 4
1 h (
3 L A4 h(x) A 4 hz
1 | ‘
?L | 1L 2L 3L X

B /T

a) Determine the upper and the lower contour h(z) such that the flow can be described with
the potential theory,
b) Compute the velocity distribution u(x,y) and v(z,y).

¢) Determine the volume flux for a nozzle with the width B.
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15 Laminar boundary layers

15.1 A flat plate is flown against parallel to the surface with water. Determine for a laminar

boundary layer the momentum thickness as an integral of the wall shear stress

— / SL’/ !
pu2

15.2 A flat plate (length L, width B) is flown against parallel to the surface with air.

U =10m/s L=05m B=1m p=125kg/m* v=15-107°m?/s

a) Sketch the velocity profiles u(y) for different z!

b) Specify the bouindary conditions for the boundary equations!

c¢) Sketch the distribution of the shear stress 7(y) at a position 7(y)!

d) Determine the boundary layer thickness at the end of the plate and the drag force!

15.3 From exercise 15.2 the drag of a flate plate, wetted on both sides, of length  and width

B can be determined with
W= /Tw de—,o/ w)Bdy.

Using this equation and with the approximation of the velocity profile

u(z,y)
Ueo

2
:ao—i—al%—i—@ (%)

the boundary layer thickness §(z) is to be determined and compared with the Blasius solution

5(z) = 5.2\/%.

O(x)

\ 4

y o u(xy)

Given: v, Uy,
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15.4 The velocity profile of a laminar incompressible boundar layer with constant viscosity n

can be described with a polynomial:

u(zx,y) = ap + a1 () <%) + as(z) <%)2 + as(z) (%)3

Uq ()
The outer velocity u,(x) is given by the following approach:

Ua(2) = Ugr — C - (z — 11)*.

Uq1 18 the outer velocity at x; and C' is a positive constant. The boundary layer thickness at

) is (5(25‘2)

Ug (X, )

’/////ﬂ 5(x2)
5(xﬂ

yL | P,

X

X1 2 %)

Given: p, 1, x1, Ug1, 0(x2), C, mit: C' >0
Determine:

a) the pressure gradientdp/0dx in the flow as a function of z.

b) the coefficient ay and the coefficients a;(z), as(x), as(x).

15.5 In the boundary layer of a flat plate the velocity profiles and the pressure distribution

x x\?
are measured. Thre pressure distribution on the surface is described with ZQ =1-k <7> ,
Po
with k = const < 1 and the velocity profiles are presented with

8- )

with a constant boundary layer thickness dy.
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Determine the wall shear stress 7, using the Karmén integral equation

d52 1 dua
4+ —

%, 7y =0)
de = u, dx

2
pu;,

=0

(205 + 61) +

Given: pg, k, do, [

Boundary layer equation (z-momentum):

ou  Ou 19p nd*u

Yoz TVay T Tpor 0oy

15.6 The fluid along a flat plate is sucked off through the porous wall with the velocity v,.

Ug
__________ C; x“““ii/Element
L L
| TiTTITTTTﬁ

Determine the suction velocity v, by using a balance for the sketched element under the
condition that the boundary layer thickness ¢ is independent of the length x. Assume that the

tangential component of the velocity increases linearly.

Given : p, n,
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15.7 The velocity profile in the laminar boundary layer of a flat plate (length L) is described
by a polynomial of fourth order

U 2 3 4
e (§) e (§) e (5) rals)

a) Determine the coefficient of the polynomial!

b) Proof the following relationships:

o1
3N
& = 3/10
02
= = 37/315
o _ 5.84/+/ Re,

T

cw = 1.371/y/Rey,

15.8 In the stagnation point of a flat plate that is flown against normally to the outer flow
uq(x) is accelerated in such a way that a constant boundary layer thickness dy is generated.

The velocity profile is assumed to be linear as a first approximation.

u(z,y)
Uq ()

= a0+a1%
0

Determine:

a) the constants ag, a;
b) the distribution of the outer velocity u,(x) using the von Kérman integral equation.

c) the tangential force that is applied between z = 0 and z = L on the plate with the width

Sy

Given: &g, L, n, p, B

von Karman integral equation

Tw

ug

doy 1 du,
_'_

% u—a d{L’ (2(52 + 51) ==
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15.9 The velocity profile of a laminar boundary layer in a flow along a flat plate (length [) is

approximated with

A) a polynomial of third order

and

B) a sinusoidal approach

(3 5)
— =sin(—= =).
Ug 29

a) Determine 07, da, 0 and ¢, !

b) Compute for
ug=1m/s L=05m B=1m p=10>kg/m® v=10"%m?/s

the boundary layer thickness at the end of the plate and the drag force.
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16 Turbulent boundary laters

16.1 A flat plate is flown against parallel to the surface with air.
Uso = 45 m /s v=1,5-10">m?/s

Determine

a) the transition point for Reg.;; = 5 - 105,
b) the velocity in the point z = 0,1 m, y = 2-10~% m using the Blasius solution. What

is the coordinate y with the same velocity at x = 0,15 m?

Sketch

c¢) the distribution of the boundary layer thickness d(x) and a velocity profile for x < x4
and T > Tepi
d) the wall shear stress as a function of = for dp/dx < 0, dp/dx = 0 and dp/dx > 0.

16.2 Representing the Reynolds averaged Navier-Stokes equations the averaged form of the

r-momentum equation of a twodimensional, unsteady, incompressible flow is to be determined.

o " or T oy

Ou 8_u2 8(uv) —f_@_|_ @4_@
P — e Ty T Ba2 oy?

a) Proof

oo D)y (ou ou o
P\ot T ar "oy ) T P\ar T Ty )

b) Determine the averaged form odf the z-momentum equation in the time intervall [0,
T).

16.3 Two planar rectanguular plates have the same lengths L; and L,. Plate no. 1 is flown
against parallel to L; and die plate no. 2 is flown against parallel to Ly with the velocity .
Li=1m Ly=0,5m v=10"%m?/s

a) Determine the ratio of viscous forces for us, = 0,4m/s;0,8m/s;1,6m/s.

b) What is the velocity for plate 2, assuming that the velocity for plate 1 is uy = 0,196 m/s

and the drag coefficients are the same?

4 1
ﬂ—@f0r5-105<ﬁ’q<107

Hint: ¢, =
RelL/ °  Rep
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17 Boundary layer separation

17.1 The lower border of a divergent channel is formed by a flat plate. At x = z, the flow

separates. The velocity profile is described with a polynomial of third order:

Given: z,

Ug(x)
-
X

u(Ta, y/0(a))

at the separation point.
ua(xa)

Determine the velocity profile

Sketch 3 velocity profiles for ¢ < x,; * =1z, = > z,.

17.2 Assume that the flow on a circular cylinder separatesat o = 120°, the pressure up to the
separation is determined from the potential flow, and the pressure in the separation region is

constant. bestimmt und der Druck im Totwasser konstant ist.

—_— - Totwasser

Determine thedrag coefficient of the cylinder by neglecting the viscous drag.
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17.3 A cylinder with radius R is flown against normal to its axis with the velocity ... The

velocity of the frictionless outer flow at the cylinder wall is

Ua(T) = 2us Sin %

Assume

for the boundary layer thickness.

a) Determine the local velocity profiles in the boundary layer for the (x,y) coordinate

system with the following approach

()~ @) +a() <%) T az() <%)2 + as(a) (%)3

b) Determine the angle where the separation occurs (7, = 0)!

Hints:

- boundary layer equation

- Approximation for ¢ ~ 7/2:

sinp ~ 1

cosp R T/2— ¢

17.4 A sphere and a cylinder made from the same material are falling at constant velocity
through air. The axis of the cylinder is normal to the falling direction. For 0 < Re < 0,5 the
drag coefficient for a sphere ¢,, = 24/Re and the cylinnder ¢,, = 87/[Re(2 — InRe)| are given.

p =800 kg/m®  pr=1,25kg/m* vy =15-10"m?/s  ¢g=10m/s*
Determine

a) the maximum diameters for these laws being valid,

b) the corresponding sink velocity.
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17.5 A sphere is falling steady with the constant velocity v; through non-moving air. A down-

ward blast increases the velocity up to wvs.

|

Pr A%

D

D=0,35m G=4,06 N vy =13 m/s vy =18 m/s
pr = 1,25 kg/m®> v =15-10"% m?/s

a) What is the drag coefficient before the blast?
b) What is the final steady velocity of the sphere after the decay of the blast?

17.6 A sphere with the diameter D and the density pg is shot vertically with the initial velocity

vp upwards through non-moving air.

D=0,1m wvp=30m/s g=10m/s*  p;=1,25kg/m?
pr = 750 kg/m3 o = 7,510 kg/m?

Determine generally with the assumption of a constant drag coefficient

a) the ceiling,

b) the ascend time,

¢) the velocity when the sphere hits the ground,

d) the descend time.

e) Determine these values for a wooden sphere with the density py and for a metallic sphere

with the density pyy, if ¢, = 0,4 and ¢, = 0.
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19 compressible flow
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19.1 A plane flies over an observer horizontally
H=57Tm v=680m/s T =287TK R=287 Nm/kgK ~=14

a) What is the Machnumber of the plane?
b) What is the distance covered by the plane before it can be heard by the observer?
¢) When was the sound created?

19.2 One jet passes another at a distance b.
va=>510m/s wvp=680m/s b=170m T =287TK R=287 Nm/(kgK) ~=14

How mauch later the pilot of the passed jet can hear the sound of the faster plane?

19.3 Air is flowing isentropically (v = 1.4) from a large and frictionless supported container

through a well rounded nozzle into the open air.

Py
F =
]
(@) (@) (@)

a) Determine the dimensionless thrust Fy/poAp for the pressure ratios p,/po = 1; 0.6; 0.2; 0!

b) What are these values for an incompressible fluid?

19.4 An airplane flies at supersonic speed. A shock is generated, that is normal in front of the

airplane nose.

up =680 m/s T, =287 K R=287 Nm/(kgK) ~=14

Determine the temperature change across the shock.



66

19.5 A turbine engine sucks air from the atmosphere. Immediately before the compressor the
pressure is p;.

po=10° N/m? Ty =287 K p; =0.74-10° N/m?> A=9-10% mm?
R =287 Nm/(kgK) ~=14

Compute the mass flux flowing through the engine!

19.6 Air is flowing from a large reservoir through a well rounded nozzle into the open air. At
the exit cross section Aja normal shock develops.

N J
A =0.018m? Ty=28TK A*=0.01m? p,=10°"— R=287 ——
m? kg K

a) Compute the mass flux

b) Sketch the distribution of the static pressure along the nozzle axis.
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2,0 /
\\ //

0 0,5 1,0 1,5 2,0 2,5
M

19.7 A rocket is equipped with a Laval nozzle. At liftoff (1) the jet has the velocity Mg, =
2 with a jet temperature Tpg,. The surrounding pressure is p,. At the altitude H (2) the

1
surrounding pressure is only —p,. Under the condition that py, Ty and Ag are constant during
the flight, the smallest cross section A* has to be adapted in such a way that no shocks develop

in the jet. Determine the ratio between the smallest cross sections Aj/Aj.

v=14 Mg =2

Py, Ty
\:‘ (i/
4 A lp
E a
4
H
Py, Tg
A
Tg, Mg P
1 1 ay
y—1
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19.8 Air flows through a Laval nozzle. At positio '1’” a normal shock is located.

=200 kg/s To=2300K po=22-10° N/m? p,=10° N/m?

Dot _ 139 (ratio of total pressure across the shock) R =287 Nm/(kg K) ~=1.4
Dov

Determine at the exit of the nozzle ('2)

a) the Mach number M,,
b) the velocity us,
¢) the stagnation density pog,,

d) the exit cross section As.

Hint: Po _ (

T0>%
b

T

19.9 The velocity V; in front of a straight shock is given by the normal component u,; =
400m/s and the tangential component u;; = 300m/s. The static temperature changes to
T,=12-T)
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nl

<y

Determine with vy =14 and R = 287 Nm/(kgK):

a) the Mach number M; and the statict Temperature 77 in front of the shock,
b) the Mach number M, and the deflection angle 5 behind the shock,
c¢) for My = const. the velocity components u,; and u;; in such a way that M, = 1. Compute

the deflection angle f3.

19.10 An oblique shock in a supersonic flow at M; = 2.2 hits a flat wall at an angle of 40°. At

the impinging point the wall is kinked outwars with 6°.

v=14 M; =22 R=287 Nm/(kgK)

T T
Determine: M,, Ms, ]2, @, —27 =2
o p2 T T

19.11 Atmospheric air (7" = 280 K, p = 1 bar) is sucked through a supersonic wind tunnel

into an evacuated boiler (see sketch). The laval nozzle is designed for Mg in the test section.

p=1bar T=280K ~y=14 R=287Nm/(kgK)
Mp=23 Ap=01m* Vi =1000m®

During the test the reservoir temperature in the boiler is T = 280 K = const.. At the time
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Messstrecke‘
grofler Kessel
Vo T, Px (1)
po ME
TO_._. AH _—>.__ AM’hM_ __________

t = 0 the boiler pressure is pi(t = 0) = 0.08 bar.

a) Determine the available testing time At. (undisturbed flow in the test section, Mg = 2.3.)
b) Determine for the boiler pressure px = 0.16 bar the following quantities:

Shock angle o, deflection angle (3, pgy, Ma, 15, Ty, and the velocity Vo behind the shock.
c) A wedge 2 - B = 40° is mounted in the test section.

L

Pm

What is the maximum angleof attack e without the development of a detached shock? What

is the pressure difference p, — p,, and the Mach numbers M,, and M, for this case?

19.12 The sketched diffusor with three shocks decelerates the flow from M., to Ms. The con-
ditions of the incoming flow, and the normal velocity component u,, in front of the last shock
are known.
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Myw=3 Tw=210K pe=1bar ~y=14 R=287J/(kg K)
B =15° B, =10° w, =649 m/s

a) Compute the Mach numbers M; and M, as well as the shock angles o7 and os.
b) Determine for point '3’ the Mach number M3, the contour angle (33, the shock angle o3 and
the static pressure ps.

19.13 The interaction of two oblique shocks of different intensities is sketched. The flow behind
the shocks is splitted from a discontinuity line. The ratio of the total pressures in the areas "1’

and ’2” and the Mach number in '1’ are known.

1
M = konst.
—_—)
T 0= konst.

y=14 R=287Jkg'K™' po/per=12 M =16

a) Calculate the Mach number M, in area '2’.

b) Compute the ratio of the velocities |V3|/|Vi| and the density ratio py/p;.
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3 Fluid Kinematics

3.1

Bahnlinie

instationdr

stationar
Stromlinie = Bahnlinie

Unsteady flow for the resting observer, steady flow for the moving observer.

3.2
dy v Vo
= 2 = — Dtan(wt
a) . ” ” an(wt)
. Vo
Integration : y = [— —tan(wt)] r + c
U
Straight lines with slope 0, -1, -c0
b)
Uy .
x(t) = /u dt + ¢4 = — sin(wt) +
w
Vo
y(t) = /v dt + ¢ = — cos(wt) + co
w
2 2
2 w
— (= - = - =1
<UO) (ZE Cl) * (Uo) (y 62)

Circles with radius 1 m

¢) Circle around the origin



4 Basic equations for fluids 4.1

a)

op 9 9
Ox ox ox
- o - dp 0 dp
1 = — = _ -
) V x Vp V x 9 9 X 9y
op 9 op
0z 0z 0z
_ (2 (%) _ 9 (o o (op\ _ 9 (o 9 (o) _
oy \oz 0z \ Oy " 0z \Ox Ox \ 0z " 0z \ Oy
9?p B 9?p 9?p B 9?p 0?p B
dy 0z 0z Oy 0z Ox Jx 0z dx Oy dy Oz

2) analogous to 1)
3) analogous to 1)
b)

4.2

(onedimensional)

=0

acceleration)

)i I (substantial acceleration): 20 = 20 4 4. 2"
a) in general (substantial acceleration): — = — C—
in general (su i ration): — g v
- . v
From the continuity equation A-v = const follows wv - g
x
81) aUpiston
— = 0
ot ot 7
dv 8rUpiston
— — = local
dt orlloea
dv v v
b) i 1 (substantial leration): — = — C—
) in general (substantial acceleration) o o + v e
. . v
Constant inflow velocity v = vg = 5 = 0
Continuity :  A(z) -v(z) = konst

2 T
8p> _ 9 ’

If the second partial derivatives of p exist the orser of the differentiation is irrelevant.

73
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0A(x) ov(x) B
= v(z) + 9 Alx) = 0
ov(z) 0A(z) wv(x)
— Tor or  A(x) 70
dv ov(z) 0A(z) wv(x)
dt v(z) or 0z Alw) v(z)
(only convective acceleration)
4.3
) o _0r 0 090 020
. Bx  Ox or  Ox 96 ' Ox 07
or 1/, o\~ 3 B x A
9 2(x —|—y) 2z 7\/9327% T—cos<b
% _ _ _ Yy e _ __ ¥ _ _y _ _ sng
Ox g)Q z? + y? 72 r
L+ (4
0z
w 0
J 0 — sing\ 0
:>8_SL’ = (cosqﬁ)ajt( . )8_¢
g . 0 cosp\ 0
analogous o (sm<b)~§ < . )8_q5
o _ 9
oz 0Oz
_ dz_ dr . do o - _
Vp = 7 dl cos ¢ r smgbdt = U, - COSQ sing -vg mit v, =
_dy _dr do g
v, = 0 sing + r Cosqﬁdt = v, -sing + cos@ - v,
&
T w T

ou ov,  Ov, Or v, % ov, 0z

9z O0x  or oz 9por | 9: oz




o 8¢ — ging 0z

3 = cos ¢ or r or '

8;; — — v, -sing — cos¢- vy — sin¢%—t§
3 =0

ov

ow
— and —— are computed analogous.

Ay 0z

Introducing in eq. 1) results in

0 10 1 0 0

L p-(——(r-vr) + — == v + @Uf") =0

ot r or r 0¢

b) analogous to a)

Uy = U -sinO-cosp — vy-sing + ve - cosO - cos ¢
vy = U, -sin®-sing — v4-cos¢ + vg-cosO -sing
v, = vU,-c08O — vg-sin®

8p 1 0 2 1 0 . 1 8’(]@ .
=% s ( g (P0) + g o6 GO + g e ) = 0

4.4
incompressible, steady flow in r-direction:

0
:azo,vgzo,vzzo,p:const.

75



76

0
S trical problem — — = 0
ymmetrical problem 56
—> Conti: or v) =0
or
d v, dp d 11 9w, 0% v,
M . _— = - — — | -
omentum eq.: - p vy or or o or|r _ Or + 0z
—
=0

4.5 5 5
steady flow 8:T = 8:2 =0

0 v, 0 v,
full 1 = =
ully developed P P 0
invompressible p = konst
Conti.: o vr) =0 =uv =0

or

0
momentum eq.: @ _ 0

or

op  n O ([ Ouv\
“o: T i o < m) 0

oT oT Op 1 0 oT 2T
energy eq.: pcpa—kvza :vzg—l—)\ el L +822 + 7
4.6
steady: — = 0, frictionless: n V2@ = 0

ot

=—> Navier-Stokes eqns for incompressible, steady, frictionless flows:

@4_@—0
ox oy
u%jtv% = —@%-
P ox ody) ox P 9
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5 Hydrostatics

5.1 Lift = Weight
Fy = G

Fy = prhag + pa(a — h)ayg

G =pgady

= 2T PE 667102 m
P2 — M

5.2

F -G+ F, =0
F =G - F,
F, is the resulting pressure force. F}, can be determined with the principle of Archimedes taking
into account that the body is not fully wet.
Fy = Vuk-pg — pgh-Anxk

Viuk= Volume of the half sphere Apkx= Base area of the halph sphere

4

gﬂRSpg — pghn R?
5 (2

F, = pgmR (§R— h)

2
= F =G — pgwR2<§R — h)

5.3
Force equilibrium( 7: volume of the buoy,75: encosed volume of air )

1
1) at th face : = — w
) at the surface : g mp Tgp } .

3
2) indepth H : gmp = Ty § Puw

T

Wl
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enclosed air mass is constant:
2 1

= 37 PL = TH PLH = gT'PLH:>2/)Lo = pLH

1 1
Pa+—f>w9h pa+pwg(H+§h>

3
:}2 =
Ry Ty, Ry T,
o 1
Pw 9 3
5.4 o
a) T = —% = 1,07-10° m?
Mg
b) AG = pay Ahy — h1) g
= A = 1,95-10* m?
c) Go — AG = pym1g = pr7ayg
Gy — AG
:>T2—T1:07<p—M—1> :2,44'103m3
PMm -9 PF

d) T2 — T1 = (hz—hl)A
= hy = 10,625 m

5.5

Fy = /dF1 = /p(zl)-L-ds

. . : z dz
coordinate transformation : with S = L ;ods = !
cos cos
Fi, = F| cosa
Flz = — Fl - sin «v
2a 2a
d 21 9
:>F1m:/COSOép(Zl)'L :/pgzlLd31:2pgaL
J cos /



A 4

X
F;
F y
2a 2a
d 4
F, = —/sinap(zl)-L G —/tana-pgzlLdzl = ——pgd® L
COS (v 3
0 0
2
ith t = —
with tan « 3
Fop =0 ; By, =2pga®l
4a 4a
Py = —i—/p(zl)-Ldzl _ +/pgzlLdz1 — 6pga®Ll ; Fy =0
2a 2a
(4], [5], [6]
—— Volumen des Auftriebs-
= 2
kérpers=a7L
e
1 2
= Fu5. = P g-a L Fe. =0
5 25
Fisge = — 29420 501 = —7/79@2'1;
9 2

Fpe = \JF2 + F2 = 465pga’® L
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5.6
P = Pa
P,
z T R g
Pw — p(z)
r -
I'ry
Screw force Fg = 7

The origin of the force is the different pressure distributions p;(z) ,

on the shape of the boiler.

Pa(2). The force Fg depends

With Ggerasg = 0 = F, ... — Fs = 0 the resulting pressure force

determined.

pressure distributions
EHE (inside) pi(2) = pa + pw-9(R — 2)

d d p;
outside: P — pL g << pwg = — P
dz dz

due to pp << pw pressure gradient can be neglected outside.
= pa(z> = Da

Resulting pressure force from the integration of all forces:

Z A
R d Fy dF,- sin ©
qF dA
dF;-sin©
@ >



dF, = p,-dA

z - component: dF, = (dF; — dF,)-sin® = (pi(2) — p,) dAsin©
surface element dA

1 r-dy
> d A
do
R
C) ,

dA = R-dO®-r-dp mit r = R-cos©

— dA = R?®-cos©dO dyp

EHE: p; — pa = pw-g(R — z) = pw-g(R — R-sin®)
271'71"/2

F,. = [dF,, = ({ Opr-gR(l — sin©®) R*cos O -sin© dO dyp

substitution: sin® = 7

1
F, = 27pr-933/ (n — n*) dn
0

s
= F,, = gpw~gR3 = Fy

alternative solution

Assume a completely submerged body
Fs = 0, pi(z) unchanged

the difference is the weight of the hatched water

= FS = GW = pPw-g (V;:ylinder - ‘/halfsphere) V' = volume
1 4
o . 3 _ - .= 3

3

81
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Z Il L
-0
Pw Pw
= =
5.7
a, 0
(p—|—df:d)€)d/1
pdA

Fi=pwaxdxdA

1.
ZF:O:pdA— p—i-@dx dA — p addi:>@: — pw a
o W Uy o W Uy
2. = p= —pwa,-r +c and p = —pwg-z + C
=P = Pa + pgh = pa + pa.l
—1 = 2Ly
Qy
” l -
hl |g =

I~ -

p dyx
5.8

boundary condition: r = 0, 2 = h: p = p,
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g ry
H
hO
h
< D P
p—pa=pglh —2) + 5 p*r?
a) Surface: p = p,; 20(r) is the surface coordinate
2,2
—  2(r) = h w2r
r=R: zg=H
H—h
= w? = 2g 7
2
=  2z(r) = h + (H—h)ﬁ

Volume of water:

™ R? hy 2o(r) 2w r dr =

I
O — 5

= 0,4m

1
“9(H —hy) = 13,957

r=2R: p=yp.+pg(H-2)

b)
— 0. _ P2 2
z—O.p—pa+pgh+2wr

= pwirdr — pgdz

from hint: dp =
p r z
:>/dp: /pwzrdr— /pgdz
Pa r=0 z=h
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pwor

—=p — Do = —pg(z—nh)

1
=p —pa=pgh—2 + §pw2r

2 =H: 0=Fy — Fg — Fn; Fa = pLw 978, Fo = pa () 978

T T
z = h: OZFA—FG—FN;FAZPL(h)ggaFG:pG(h)gg

= Iy = (PL (H) — Pa (H)) gTB = (PL (h)y — PG (h)) Q%TB

g H gh
PL (H) = Po €Xp (—RL To)’ PL (h)y = Po €Xp TR T (I'" = const)

R
open balloon: p, = ps = pr Ri Ty = po Re Ty = pa = pr R—(L;

(1_ﬁ)— (1_&)1 — ex(_gﬂ)—l exp -2
PL (H) Re = PL (n) Re) 2 Po €XpP R, T, =5 Po €Xp R, T

In2 = 4290 m

5.10




FS
FA = FS + FN and FS = FA - FN
:>FS = pOVE]g - m-g = (/)0% - m)g (mitm:mGas_'_mstructure)

b)

General equation fiir V(z) :

m . . py (2)
V = £ with perfect gas assumption — p,(z) = =2
p(2) g R, T,
"R.-T
— V(z) = Te e
py(2)
pressure equalization:  p, = pu(2) = pa(2) - Ry - T,
"R.-T
= V(z) = m temperatureequalization =— T, = 1,
pa(z) =7
-9
-z

,,Scale Height Relation”: p.(z) = po - efla-To

_ Pa(?)
pa(Z) - Ra'T()
__-po Z
= pa(z>'Ra'T0 ZPO'Ra'TO'epO
R 9 Po
e V: m‘g‘ El epo
pO'Ra
For z = 0 V =W
R g Po
e ‘/E]:mg El e V(z):%-e Po
pO'Ra

85
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for z = z; follows:
g Po
<21
Vi = Vp-e D
Vi
— 21 = Po hl—l
g-po Vo

c)

— For z > 2, the balloon is rigid.

— gas mass and volume is contant => no pressure equalization.
Ceiling is reached when F,(z) = G

—Q'Po_z
Fo(z) = pa(z2) Vi-g = po-Vi-g-e Do
po-Vi o po

— 23 = In




6 Continuity and Bernoulli’s equation

6.1
a) Volume flux V = v; - A

Bernoulli—> cpa + pg(HA+h) = p3 + gU§
Bernoulli [2] — [4] : po + pg (H+h) = ps + gvg
with p3 = pr=v3 = ws

=—> 1o mixing losses:

Bernoulli—> cpa + pg(H+h) = ps + gvg

withps = po + pgH = v = V2gh = V = 2ghA

6.2
Bernoulli : Po = Doo T g vl = pa+ g v)
= Ap = po — p2 = gvg
Conti : Voo ™ D? = vy 7 (D? — d?)
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6.3

Bernoulli — :

conti :

6.4
a)

Bernoulli :

conti :

b) Bernoulli :

p
Pa + pgH =ps + pgz + = 0%(2)

2
== v(z) = \/2gH —2gz = /2¢9(H -2
7 R*vp = m1r3(2) v(2)
= r(z) = R %
v(z=H — hp)

29(H — z)
4| hp
= R
r(z) T
p1+gvf:p2+g
v A1 = v Ay = v3 As
2 Ap
= Uy = = 12 m/s
: Vp 1= (/A7 /
= v = 4m/s vy = 6m/s
p2+£v§=p3+/—)v§

2 2



p3s = pa = 10° N/m?(Outflow to the surrounding)
= py = 0,46-10° N/m?
—p = 1,1-10° N/m?
Bernoulli: p + pgh = p, + §v§

p = 1,08-10° N/m?

6.5
lg
IZ
a)Bernoulli@—>: pa+ng:p5_pg5+gv§
Ps = Pa + Pgs
—V = Ag 29 H = 4m3/s
b)
p
Pa ng
o 4 s
5V ~ / f
I
pgh
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c¢) bubbles occur, if po = p3 = pp.

conti : v; A, = vt A
- . p *2
Bernoulli : Do = pD+pgh+§v
TN et TN R PR
pgH H
6.6 Bernoulli@—>:
9 Y
pa+P9H:p3+—Us+/P§d<‘3 ) P3s = Pa, V2 = U3
0

1
0
In = /p—:ds:O (hy << L)
0
T o h hy — h
Imzl/pads,v:vgf,h:hl—l—ZLl
dU2 h2 dU2 h2 L h2 dU2 —
I = —/ dr = p — | = p— 1L
12 pdtlh he — i T P Ay — b hy P
! L
ov dvy
Iy = /—d S e
23 ,02 ot S P dat
introduce in Bernoulli:
P2 dvs
Pa + pgH = ps + Zv3 + p—— (L + L)
2 dt
dvs 1 v3
e R H - 3
it I+ L <g 2)
1
t — o0 gH—§v§6—O:>vge— 29 H
local acceleration:
v dvs ho 1 3 2h
bl: Y T l(vg:lvgexzé):_ig 1 n L b
ot dt h 2 V8er 773 L+ L 4 hy + he
convective acceleration:
b Ol dh dh b=y
L SW dr 0 dr L



49H h3 (hy — hy)

bk(vg:% vge, a=%) T I (hl + h2)3
substantial acceleration:
dv Oov v
by = — = — — =1 b
it ot Var Tt
b 3 gH +49Hh%(h1—h2)
B QZ—i—L hi + hs L (h1+h2)3
6.7
a) Bernoulli [0] — ;
P,
v 9
h
p oo
(1) pa+09h:p2+§vg+0 / adﬁ
2/3 L
conti: v-A = vy Ay

L

L L
ov . 81)2 Ag . 81)2 L2 . 8’112 L
— p/—d:v—— /—da:—— /—dx—at

A ot "’
2/3 L 2/3 L 2/3 L

Introduce in (1):

% B @ 29h—v§_2gh
ot |,_, dt |,_, L L
b) Bernoulli [x] — [2] :
‘o
p+gv2=p2+gv§+p/8—3d:ﬂ

91
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conti: V= — -y
A

4 x
. 1
Extremum for p(x) fromd— = 0 beivy = 3 \V2gh
Lo (AE 2gh 2gh
— 0= 5oy +o(2an - g200)(-53)
L* 3L 3\F
d*p pgh({ =5 3 1 pgh/ 27
i - £J 29— | = _=t
a?| T 1 \@pr T2t s L2 ( 4) <0
. . 3/2
—> Maximum bei x = \/;~L
6.8
' |
: -4
h=h(t<0) —=
Vi \v4
| -
h(®) | Ap
|
'A/3
— e )
) dh A
conti : AB% = le—UA-g
Torricelli : v = /29 M va = /2 g h(t) d—h << vg
’ dt
A
introducing %gfd—? = 3/h1 —/h(t)
3 Ap 't dh

h1



6.9
a) steady Bernoulli [0] — for t— o0

pa+pgh=pa+pgh+gvfm — Ap

2A
= Umaz = —p
V' p

unsteady Bernoulli @ —

p v
Pa + Pgh =ps + pgh + 5% — Ap + /pads
L
_ P o dv
L 2L 2L
Ap—§ ’U2 —p — 2 Vmaz — U(t)
)
L Vmag + v 7999 vmas L 1+.999
" egra o Umaz " Umaz — U v=0 Umazx t (1 - 999
L 10
Vnar = 776 = #-7.6 — 10 m/s
.0 S

Bernoulli — for t — o

— — H _— H = mar __ 5
9 Unmaz Py 9 g m
1
Umazx 1+—
b) Va2 = 2 == typ = T In 1 \{_ = 1,763 sec
Umax S
V2
6.10
a)
L+€ 9
v
Bernoulli@—>: pa:PK—l-gU%{—l-pghﬂLp/ads
0
conti : v-A = vg-A

L+£8v dv
—p [ Srds = p T (L4
0

93
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d
o= B o gw s () ) = G’ sn® ()
dv d?
—df = —dtf = —§& w? cos (wt)

£ w? sin? (wt) — pgh + p& W cos (wt) (L+& cos (wt))

PK Pa—pgh 1& o g

PR PR 5 7z Sin (wt) + T cos (wt) + 73 008 (wt)
PK Pa—pgh | & 1 & )

:>pL2 o2 o L2 WP + T [cos (wt) — 37 (1 —3cos® (wt))

1
cos (wt) — 5 f—[? (1 — 3 cos? (wt))] at t = g fiir §y << L!
= pp = pa — p9gh — pl (L—&)wk
Pa — pgh —pp
— WK =
\/ p o (L — &)
27 . .
AT = — Period of piston movement
W

ey

27
- _

1 w 7

w

27

w

V = % A J (=& w sin (wt)) dt

cly

w

2T

cos wt
A 50 W ‘
w

w

s



6.11

a) Bernoulli from surface — pipe end :

Hw = O:pa+pg(h+l):pa+gv2
— v (t<0) = /29 (h+1)
NQw = wT:pa—irpg(h—l—l):pa+gv2—gwfR2

— v (t—o00) = /29 (h+1) + w? R?

unsteady Bernoulli:

d
Do+ pgh+1) =po+ 202 - LW2R2 4 pl+R)Z
2 2 dt
dv  2g(h+1) + wi R? — v* a®—0°
dt 2(1 + R) - 2(l+R)
S U Ry Ay 24 R) . s B
Integration : AT = / = In
a? — v? 2a a—v lyi<o)
v(t<0)
with v(t — o0) = a
2 P2
:>AT:l+Rln 3w R
a (a + v(t <0))?
b)
0 1
a—]; = puw’r = p(r) = §pwfr2 + ¢
1
boundary condition : r=R = p=p, = ¢ = p,— 5 pw? R

95
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7 Momentum and momentum of momentum equation
7.1

Force equilibrium in the u-tubes:

P1+ prggAhy = por = P2+ prggAhy
== p1— P2 = prgg(Ahy — Ahy)

pidp ! " Py Ap
i iI :
yL T
F
X
Momentum equation in z-direction: 0=(p1—p)Ap—F = F = (p1—p2)Ap
wD?
7.2 il
Momentum: d—Z = —pvi A+ pv; A — vgcos apusAs = (p) — pa)A
Kontrollfldche
Pli vi Vi )] i ‘ v, —»
/ / V3:COS (X

V3

1
conti:  v;A+wv3A3=1v3A mit Az = ZA

1
— Ul—FZ'Ug:’Ug

- V3 = 4(’02 — ’Ul)
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7.3

P o P o

prtSvy = pa+§

Ap = p1—pa
U1A1 = U2A2+U3A3

Vg =Pg + 2V
2 =P 53

2Ap 1
' P < Ay )2_1 /
Ay + Az
Ay
p— = p— 1
Uy U3 A2+A31}1 5,16 m/s

b) Momentum in z-direction:

—pvi Ay + pviAgcosag + priAscosas = (p1 — pa)AL + Fiy

= F,, = —866,4 N
Momentum in y-direction:
pv§A2 sin ap — pv§A3 sinag = Fy,
= F, = —238,4N

Agsinag — Assinas =0

= a3 =12,37°
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7.4
a)
+ M
—.\O)
! I
! I
! I
I I
— : | l
\ L) : FWI
_____ — - — >
: N\
! l
y[ |
L___I
X y
Val Fl
SSM=0 = aFy—IF =0 :>F1:%w1
Momentum: [pU(V-1n)dA =XF
x-direction: U, LU, S F =—Fu1; p=Dpa
— —p*hB = —F, — F| = p%v%B
b)
Vg beommmeo i
| ) Fyo
_’ —_ 7+. ....... —_ —_
D
2 /?___}_1_2___ i
Momentum in z-direction: —pv*hB — 2pv3ho B = —Fy
. P o P o
Bernoulli: 1—2 pi+ QU1 = D2 + 32

P1L=DP2=Dq; V1=V ==Uy=0



1
conti: vh = 2vhy =— hy = §h

— F9 = 2p0*hB = 2F,,

S M=0=F= %sz — F, = 2p%v2hB = 2P,

+ M
~%

a ©

v
mg

o l 11
ZM =0= ——mgsinf + Lng =0= F,3=—-—mgsinfcost
2 cos f 2a

Momentum in z-direction: pv cosvhB = F 3

11
— pv? cos OhB = 379 sin  cos 6

a
2a hB
—> sinf = p—ah—v2
[ mg
2 2
= ) = arcsin (_apth )
[ mg

99
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7.5
a) Conti:
plleoo = plvl(Aoo - AR) + Ari

— Am = plleR

v A%
. I :
04 \I\Z/Iantelﬂéiche Ay
— g e—p - —

—_ Vx —
— .
) ,
I |

! S N
— Ap :pA—,
— .
— —
—_ Y e —

Vi — Vi

b) Momentum in z-direction
_plvaoo + pl”%(Aoo - AR) + pAU,24AR + /A plvxvrdA = Fs
M
Fir Aoo/AR >1: Ve = U1

P1U0dA = vy p1udA = v A
A Ay

= F,= pAviAR

— P=Fu = pAvileR
7.6

Bernoullil — 1’ :

P p
Pa + 5“% = pr+ 527,2
Bernoulli2’ — 2 :
pr+ 0% = po+ L0}

Konti :
nd; = vVA =14,
Momentum in x — direction for the small surface :
0 = (pr—p2)A +F,
Momentum in x — direction for the large control surface

—pUi A + pr3Ay + pvi(Ag — Ay) — Arw; = F,  (see Exercise 7.5)



conti:

7.7

pv1Ace + At = puaAg + pu1 (A — As)

== V= =6,5m/s

>

U1 + V2
2

101



102

b) Bernoulli 1 — 1"

P
pl _'_ _Ul == pl’ _'_ 5@%/

2 2
= Uy =U = ;(pl—plf)‘i‘vl

m = pAvy = 13-10% kg/s

¢) Momentum in z-direction:

—puiAy — Arnvy + pvs A+ pri(Ay — A) = F, (see Exercise 7.5)
Konti: pu1Ase + A = pv1(As — A) + proA
—  F, = puy(vg —v1)A=10,39-10° N

P =V(py2—porr) =V(p1 — pr) = 448,5 kW

7.8

well rounded inlet

a) Bernoulli co — 1 :

Ap = pa—pi=ps—m

= V = UA:,/%A
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¢) Momentum in z-direction:

pvlA = F, = 2ApA

sharp edged inlet

a) Momentum in z-direction for the dotted control surface:

pva = (pa_pl)A

Ap = ps—pi=ps—D1

— V = vA= %A
p

. [A
P = V(p02 —p01) = %APA

¢) Momentum in z-direction for the dashed line

pv?A = F, = ApA

7.9
a)
Bernoulli co = 1: Do = BU% +p1 —Ap
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\_Ap
..... Q. W\
'd :
|
|
|
) ) ) dl, )
Momentum in y-direction: prie —pvi2A = (p1 —pa)BL — G
2 1
= pU] = A (G = (p1 —pa)BL)
)2 Impulsfliisse
------------------------------------- - heben sich
-i\\heraus
/ N
IG L i_ )
\ L
: y
. 24 . ST
| | "
i"l‘i‘i'i'j‘i‘i‘#ﬁ i
: E_:Vz 1h
1
1
= Pa= oy (G = (p1 —pa)BL) +p1 — Ap
BL BL G
l—— ) =p(1—=—)-Ap+—
:pa( 4A) pl( 4A> P
Ap — & 1/G
== a - @mr — a - - A
= P1 = Do T _% p+4<4A p)
p 1 1G
:>§U%:pa_pl+Ap :>'U1:\/5<5Ap_iz>
: 1 1G
= 1124 =2A,/— (H5Ap — = —
V=mu \/2p (5 P 4A>
b)
Power: P =ApV
. _ _ P 2 P o
pressure loss: Ap, = Po1 — Poz = P1 + 3V~ Pa— 50

conti:

2AU1 = Qh(B + L)UQ — VU1 = Vg

1 /G
:Apv_pl_pa_i<m_Ap>



105

. VG
Po= 8o = (1 - 8

7.10
In frictionless flow the Bernoulli equation is valid. If the distance from the ball is large enough

a constant flow velocity is assumed. In a constant velocity field the pressure gradient across

the flow is zero.

a) Bernoullico — 1 — 2 — o0:

I G SN SN
Pat Py =Pt Py =Pt Py =pat P
— VU1 = Vg

Momentum in z-direction:

—11 COS (v + MV COS Qg = Z F, +Fg, =0

with the absolute values a; s.

c)

Momentum in y-direction:

—rwy sinag + (Thog(—sina)) = -G
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7.11

Vg = Vabsolut Ur = Vrelativ J-R= UFahrzeug Uy = Up + WR

v, Bernoulli with acceleration term

s2 2R2
0 —2: pa:pa+gvf—/0 p(b-d§’):pa+gvf—p<g}]+w2>

= v, =/29H + w?R? = 16
s

=

—

LN

— )
N

b) Steady flow in a moving coordinate system.

= KF(r X V)pU-ndA =M =X (r X F)KV

— M= (Fx0,)pu. iAdA
KF

|77 X U,| = |R(wR — v, cos )|
torsional moment for 3 arms:

= M = 3pv, AR (wR — v, cosa) = —6.8 Nm
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The torsional moment M operates in the direction of &. F and ¥ are in opposite direction.

3

V =30,4=24-10"% "1
s
c¢) Bernoulli 0 — 1:
_ P 2
pat+pg(h+H) = p1+§v1
V
v = —
pV? s N
= Pa h H — - —= = . 2'1 .
= p1 = pa + pg(h+ H) 2 A2 0.82-10 m2

d)
dM :
= 0 = maximum forw=0 = v, =+29H
w
= M = 3p\/2gHAR (—\/Qchosa> = —6pgHARcosa =13 Nm
7.12
Momentum of momentum: Jicp p(F X 0)T - idA = SM

— plviA = Ghgsina

Bernoulli 0 — 1 : pglcosa = gvf
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v, = /29l cos «

Apl2gl cos o« = Ghgsin «

Il

— Ghtana=2pl* A

Apl?
—> « = arctan <2 th )
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9 Laminar viscous flow

9.1
S
<
lg
Volume flux : V =B [Ju(y)dy
: o dr :
Momentum in z—direction : i pgsin a
Y
du
T =—-n—
ndy
boundary conditions : y =0: u=
y =0: 17=0
: 2
pgsin « Y
e = 5 _ Z
u(y) p < y—3 )
B
— v =PI 19,1078 m?/s
3n
9.2

_or

y

Momentum in z-direction: + pgsina =0
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T T Ts — T,
with  p = pee 7 and To:% 6T0 °+1
Ts — T,
and the constant k = —— 0 follows
Ty
or esk

— = pp——¢gsinw
e

dy

pogdsina y
=" sk

Integration:
ke

+ C(x)

— padasi
Boundary condition: 7(y=0)=0 — (= W e”
e

podgsina / y, g
= 7(y) = T (F )
b)
. Ou Ou  pogdsina ;w4
T = —na—y = —pya—y == (66 —e )
u _ —gdsina ( B ek(l_%))
oy kv
—go si J y
Integration : u = % (y + %ek(1_3)> + C(x)
" gd?sina 4,
Boundary condition: u(y=0)=0 = C = 2, ©
v

c)

0
Momentum in y-direction: _8_p = pg Ccos «
Y

Integration: p=fly)+C(z)

Boundary condition: p(y=9)=p, = C=p,+ f(y)# f(x)

dp



9.3
a)
dp d’u
PDE : == ==
dx 77aly2
d 1d
1. Integration : & ——py +C
dy n dx
1d
2. Integration : U = ——py2 + Ciy + Oy
2n dx
1) non-moving bend
Boundary conditions y=0 u =0 — (Cy=0
h
y=h: u =0 — (j=——
2n
W dp (Y Y
= ) = g3 @ (- 7)
dl
2) moving bend
Boundary conditions: y=20 U = Uy — C9=uUs
h dp
=h: = 0 Ci=—|— —
y="h “ - ! <27) dx
h* dp [y, Y
e e —_— — —_ 0o ]_
= ) = 5 g (=g ) e

dx

111
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’] —
/7
b)
F d
Friction per unit width at the bottom: — =In o

1) non-moving bend

2) moving bend

D= W=

9.4

-+ 47
dy dy

“w

dx



Momentum in z—direction :

Boundarycondition :

Integration :

b)

dp dr 0
dr dy
du
T= —n—
ﬁdy
. d? _ 1dp
dy> 1 dx
y= 0: u=0
y= H: u=uy
_ Ldp y>2 y y
W= 5 l(H 7
1dp ,
— Ly
T(y=H) _ o 2n dx
=0, L
Y 2nde
U, dp H?
V= mBH_B/ dy = Y _ 00 H7
! uly)dy (2 dlen)
dp H?
Umaz 5 5
dz 8n
dr. 6
r B/ 2d — = 2 BH
i puly) dy = - pus,
Qu sing u from a)
Tw =1 7= using u Ir
dy
2 .
U = 3 Umnag see script p. 140
12
and dimensionless: pTw ==
P2 Re
2 m

uW>O

113



114

uy <0

9.5

a) Computation of 7(r)

d A d A
fully developed : % = const. = Tp — (c:l:-) = rfp
A
= d(rt) = erdr
r2Ap
Int tion : =
ntegration rT ct—7
c  rAp
— = - _
T r 2L
boundary condition: r—0=7—0=¢c=0
r Ap
— T
Computation of u(y)
B du| du  rAp
T e ar T 2L
du| du  TAp
dr| dr —  2nL
d
for a given r is o
dr
du rAp Ap
—_— = — — du — \/;dr
dr 2n0aw L 2n0aw L
Ap 2 3
e u = — —7r2

,
2noaw L 3



u(r)
r
boundary condition: wu(r=R)=0 = c¢= % QniZ,LR%
= 00 = 5y oy (R =)
Computation of 1%4
V= /Ru(r)Qm*dr — 2_”\/W/R (Rér— o8)ar = 2% [ 280 (R_
! 3V noawl Jo 3\ noawd \ 2

s QAp 7
= V = = Rz
ot
2
TV \ noawL
= Ap =
g <wR%> 2
9.6
a)
r = R—y
. dl R LrunN2r /71
[:—x:/ 29 — 9002 2/ (_)_(_)
g~ J, permrdr=2p,m B0 ) 7R
0 = 0: S
um
= [ = pulrR’

115
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%1(1—L> E<7‘<R
s = B.ow _ TR\ R 2=,
2 U
m = <r<=—
17 Osr=3
— [ =2pu? R /0’5 <%)2Ld<i)+/l [%L (1—1)]21d
= “Ptim o \17) R“\R) " Jus 17R rR)] R
b)
2
Tw = N, /0 5
) 20 1/96
3R 6\R
06— 0: Ty — 0
- Um
0=R: 7,=4
7 R
R M- Up
5—5. Tw = 9,065 =
9.7
Kontrollflache
______ Lo ___,
| N l
I up I
p/l:. pz: uz(”)

Momentum in z-direction:
R
—pulnR* + /0 pus(r)2mrdr = (p1 — po)7R?

R r\ 212

—  —puintR> + p27ru§mm/ [1 — (E) ] rdr = (p1 — po)TR?
0

1
—  —puintR* + pﬁugmangz = (p1 — p2)TR?

. N 9
P1—p2 = 3u2maxp puUq

7 N
= =

N——

——
I
\‘}—‘
—_
o
(=]
)
£
3w
N
=y
o
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Continuity:
_ 2 2 R U2mazx 2
urR® = wmR :/ ug(r)2mrdr = 5 TR
0
1
— Uy = uU= §u2max
— _ _ 1 AT2 — i _ 1,
P1—p2 = ZprU — pU pu
3 3
b)
Cp = PL—p2 2
P 2 3
2
9.8

TOAZT 0 TTOAZ

| b
For y < a the fluid behaves like a rigid body
equilibrium of forces : pgaldz = 1Az
— o =2
P9
b)
a <y <b
. L dr
Momentum in z—direction : i g
Y
dw
= —N— + 70
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Boundary conditions :

9.9

Force equilibrium:

TdxB — pgdxdyB — (T + Z—; dy) dxB =0

dr _ _
Integration: T=—pgy+ C}
Boundary condition: y=90: 7=0 = 71=pg(0—y)
b)

— <0 = T1=7-1n-—
dy
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—
sanll
y 4 >
0
2
du
=N = pg(0—y)
d — pg(d
- = = D p9(d = y) for || > ||
dy U
gy~ To—pg—y)
n
2
Integration : u(y) = @y — @(@ — y_) + O
U 1 2
Boundary condition: y=0 : wu=upg

—  u(y) =up+ 22 —oy) for |7 > |n

A uB

vy
——
2 2

Remark: g from problem formulation

c) .
_ : , : m V
Assumption: V=0 < with [V] = —) oder: 5= 0

Vo= /(]6U(y)dy=/0gU(y)dy+/;u(g)dy:o

with U <g> = up— @52

[
_ /[ P9 2 gl P L L
[P uar = 7w+ 202 -0 ay =+ o5 -

50 e Pg o 0 pgsl
/%U(Q)dy = /é(uB 87}5>dy_u32 77516

2

' PY 3 O PY 2 5
— V= upd P =0 = upnin = 26—
BT B, n " 18
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9.10
a)
T+377dr
Rl ur L7 —
— — p+ldx
T dx
{1
L. T et X .-
|
dr
f
dx
Momentum in x—direction : @ + ld(w) =0
de r dr
_du
B ndr
1d [ du 1dp
——|r—]-===0
- rdr (Tdr> ndx
Boundary conditions : r=a u=20
r= u=20
ldp, o, o |[R*—1r* In(r/R)
= —-—n—— R - -
— ) =53 ) [R2 @2 In(a/R)
u (r)
b)

7(r = a) R2a21n%+R2—a2

7(r =R) 52R2ln%+R2—a2




1% 1

* d
= = 2 pum—
tm m(R?—a?) w(R?— a?) /a u(r)2mrdr

R

_ 1y ll n <£)2 L1 ;((5//}1;)2

8n dx

9.11
a)
d (1d
ar [@( ”’] =0
. 1d
1. Integration: e —(rv) = ¢

= d(rv) = ¢rdr

2. Integration: o= =11 + ¢y

Boundary conditions:

1. BC 0= —ClRi2 +c = 0o —ER?
2 1 2
2. BC: whz = §clRa + ¢
e WR: = lem_Gp
a 9 141, 9 i
2wR?
— T = R2 R2
wR2R2
— Cy =

|

121
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rv =

Ty =

1, 2whR?

wR2R?

2 R
o R
R R
wR? r? — R?
r R2—R?

(+)

—7(r = R;)2n R} L

M, 1 (&
ArwR2L R,

d
777”5
e
d
Tar

RZ — R?

)]
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10 Turbulent pipe flows
10.1

The first is trivial and no proof is necessary. The time average of a quantity m in the time
intervall [0, T is defined as

1T

Using this for the averaging of f + g results in:

T T T
b TH =g [ Uredi= o[ fear s o [ gede = T g
0 0 0
_ 1 h _
) Frg=z[Fgd=F 2 [gdt=Fg
0 0
aF 1 rof . o1 7 7
Y a—f'!adt—a(f'o/f"”)—a

10.2

The ratio between the average and the maximum velocity is

1
Um 1 B 2n? . o
E J S = e = ety M ST R

The integral is solved using partial integration. The average velocity is at a distance
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see table.

Re N | Upm/Omaz | Tm/R
1-10° | 7 | 0.8166 | 0.7577
6-10° | 8 | 0.8366 0.76

1.2-10% | 9 | 0.8526 | 0.762
2-10° | 10| 0.8658 | 0.7633

Measuring o(r) at a distance R — 7, from the wall, and with the known o,,,, the average

velocity can be determined, and the volume flux V = v,, 7 R? can be computed.

10.3
a) r=R-—y
v 0D R )
Umae 7 R Umas R/ R \R) — 60
R =2
. i _b[’pu 27rrdr_2<umax)2/1<1 7ﬂ>2/77,0l<76) _@
pu m R pulwR2 u / R R \R) 49
10.4
a) 2300 < Re < 10°: A= %316
V Re
ﬂm:pLDRe
=2
A = Sf;” s ny = 2P g 99 N2
p U,
b) Um _ Umaz . 4707
U U




125

c) Yo _ 5= 2 (viscous sublayer) — u = 5u,
v Us
w A p i
with  w, = Tw and T, = P U follows
p 8
_ A .
u =5 g Um = 0,236 m/s  (fory = 0,11 mm , X from diagram)
YUy e
= 50  (log. velocity distribution)
v
95 m(y“*) + 5.5
Us v
— u = 0,720m/s (fory = 1,1 mm)
d) I =04y =042 Y  _ 08mm
Vo /A8ty
10.5
a)
—
Pa lg )
h»
Av4
= L2 Y2 1n
h . v

Um TD

b) Bernoulli with losses:

Pa+pgh = p1 + <1 + >\—> gﬂ?n
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ks
— = 2
D 0,00
A = 0,024  (from Moody — diagram)

— p = 1,22-10° N/m?

¢) Bernoulli with losses:

L
2D

N

P2 = Patpgha+A u?, = 3,77-10° N/m?

d) P = V(pg - pl) = 160,5/{5W

10.6

|




ks :
D= 0,0083  (from Moody diagram)

= ks = 4,2mm

c)

momentum equation for the inner control surface:

D2
pr4 —mwnmDL =0
= = A 2—16N/m2

momentum equation for the outer control surface:

D2
F = —pr4 — 9517 N

d) A = 0,016 (from diagram)

—  Ap = 5,8-10° N/m?

10.7 I
P 2
Po(teng) §u
D2
Vo= i
! —2010<—>—|—114
\/X Y g ks Y
L
1 I
2 Dy

127
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10.8
PB: pipe bundle ; C': Channel
L p _ Lx p _
ApB D 9 Umpp = Ac 2 U
dh = a
V
Reo = 222 — 107 Ao = 0,018
n o a
D
Repp = £ Y 12710 Aps = 0,030
n T D
100

Lix = 13,57Tm



11 Similarity theory

11.1 The frequency f depends on the following quantities:

incoming velocity ue [Uso] = —
s
k
density p o] = _5;
m
2
kin. viscosity v v] = m
s
diameter of the cylinder D [D] = m
1
:>.f:F(uooapaV7D) [.ﬂ - g

129

5 variables exist with 3 different dimension (s, m,kg) = from II-theorem the problem has

5 — 3 = 2 dimensionless parameters.

The quantities D, p, us, are chosen as reference quantities. They include all basic dimensions

and are linearly independent

Determining the dimensionless parameters:

lef-Da-ugo-pV

Liml:0=0+1-a+1-8+(-3) -~
Iy=a+p
t[s]:0==140-a+(-1)-8+0-v
8=-1
Mkgl:0=04+0-a+0-8+1-7
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m]:0=2+1-a+1-5+(=3) -7
Iy=24+a+p
[s]:0==140-a+(=1)-S+0-7
g=-1
kg :0=0+0-a+0-8+1-7

— Mg = U+
D - uy

The dimensionless parametersusually can be expressed in terms of wellknown parameters or
combination of them.

f-D

™= =Sr Strouhalnumber
Uso
Y Reynoldsnumb
Ty = = — eynoldsnumber.
7 D. Uss  Re Y

The functional relationship for this problem is
Sr = F(Re)

Only one variation of parametyers is necessary.

Hint: It is possible to choose the dynamic viscosity v instead of the kinematic viscosity n. It is

not necessary to use the density p, since v = 1 is the relevant quantity. In this case 4 variables

P
and 2 basic dimensions are existing. In both cases the result is the same.

11.2
a) Lt = (ML) (ML Y Lo
a=1 =-1 v=4
. oyt




D Ap
2 m
ApD Vo unn T 2
T~ %~ h (with V' ~ w,, - D)
1
A~ —
Re
11.3 i i
_ o Y . m. L _~
M_f(x1/4>ga 77, p)a [g] 82’ [77] mS’ []_mg
Ansatz : uzi-go‘-nﬁ-pV
21/4
= M 0=04+05+7
3
L : O—E—I—a—ﬁ—Sv
t 0=0—2a—0
1 1 1
:> _= —" _ — —
=4 5 5 1=3 y
3 2
_ 14 12 1/2 _ Y (gL p
T-To _ 5[y (g2 p\"
Tw —Too x n?
11.4 ™ PL Pw
Fo. ch4D% 5 u? Col n%TReQL
FwW Is ED2 p_W 2 2 p_LRZ
wW o Hw 5T Yeew CuWw My 5 ey
R6L = R€W CwL = CoWw
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11.5 a) Re = Re' : v/

11.6

A/

A=A, : v =T7,46 m/s

P=F, v=243kW

Dvp_D/v/p'

Re = Re' -
n n
: D? 7 Vpa V4
W Vi=v 4 Dnre D7y
: "pD
— vV =v.-LE o 5m¥s
p D
: "D
Sr = Sr i :n,
v v
: "D v D? D3

!

2 72 4
- r - p’U o pV D o N

P =V Apy = 15,82 kW

P =V Ap,=15kW

A . . . .
— v as small as possible in order to use incompressible equations:
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M = P =201 Nm
27mTn
Y - =179 Nm
271Tn
11.7
, , L
a) Frp=Fr;,: v =v- f:0’75 m/s
b) cw = Cy

(Drag coefficient with respect to the cross section perpendicular to the incoming velocity)

PvBH
Fy = 2——— Fy = 1,6410' N
“v:B H
2
c) cew = 1,12
d) ' - Y =16k =04m

Vg h gh

11.8
a)
The reference values are chosen in such a way that the dimensionless quantities are of the order

of magnitude O(1).

Ure f Ap L h Nref
Introducing into PDE:
I(Ap - p) 0*(Uyey - )
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with 7 = 1:
ou
% . @ — Mref * Uref . a(g h) — Nref = Uref . 0*u
L Ox h 0y B2 07
op L- . 21
— Z _ lIref * Uref .a_u
0T h? - Ap 0y?
———
1stparameter
2 terms = 1 parameter
b) f(L, Nrefy Uref, h,’ Ap) =0

5 variables and 3 basic dimensions = 2 parameters

The II-theorem says something about the maximum number of dimensionless parameters. The
method of differential equations gives more informations about the actual problem and the
terms can be neglected. The resulting number of parameters can be smaller.

11.9
_ _ _ p _ P _ Ui - T _ Y T
u = — v = — = — = — = — T = — = — t =
U1 U1 b Apy P P1 1 T Ly Y Ly
_ ou _0u _ou op n (0% 0*u
Sr — — — | = —Fu— — | =— —
p<rat+”af+“ag> u8£+Re<8f2+8y2
L A L
S 1 Eu — p12 Re — p1 V1 L
vy 2 T

Comment: usually, the election of the refernce values depends on the actual problem.

11.10
)\TR82T u% 8@2 )\TR
a) 2 8@2 +7]l—2 ? =0 : 2
2
* n UR
K* =
A Tg
b) K* = X\’ Thul IF

choose = 1



kg : 0=a+1

m : 0=a—-14+d6+¢
s : 0=-3a—-1-96
K : 0=—-a+7vy

= -1
2

n o 2
I

11.11

+
e
=)
eyl
QI
+
by
(%)
<
8
=
ISH
3=
N
=3I

>
=
oy
no
QL
=
i)
Na
oy
no
=SS
B
/N

EinfluigroBien: Ap, p, u,, n, I, R, g
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K = Apt p? w), D°
12 2]
s2m m3 s "
kg 1 +73 —1
m -1 =38 +y 46 -2, =1-342=0
A
s 2 —y Z; = Fu
pu,
nlkg/s m]
kg 1 +43 -1, v = -1
m 1 —38 4y +6 1-3+1 = —1
S 1 il !
i p Uy D Re
Lm]
kg +43 0, v =0
m 1 =30 +v 40 1
[
8§ - )
g[m/s%
kg +5 g =0 v= -2
m 1 38 44 40 —1+2 =
1
S —2 —’y K4_u—2 = ﬁ
R
K} = Fu-Re-—
B u-Re- +
. Re
11.12
dw Op 9
a) g = Tg — P9t aVw
Reference values: [, u,, , constants: n, p, g
p us, dw u?, Op Uso g — 1
e — = _— — —_— - -
I di 9z P9t Ve o
[
d op 1,
A F TR VU
2
with Fr2 = %% and Re = oo |




11.13

introduce:

, u? 2 , I
Fr = Fr —= == Uy = Uoo \| =
gl gl l
, o | 0 , A
Re:Re%u :uOO/ =y = u;.o_:
v v Uoso |
F
v = 3 Y withA = I-H
Dt A
2 o0
N F F'
gt A LA
2 2
A Y
poug A poug
3
P=Fou, = 100F £ 2=
pou
u? u?
c 8T+ or + a?—l— 83
U — v — U —= v —4
82u+ ou\> +)\82T
= u -
Ty T T\ oy 0 y?

reference values: poo, Uoos Too, Ly Moo, Cp cos Ao

P .
Poo

z
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with

3 2
Cpoo Poo Uco Too L Poo U, B Moo Usy Ao Too
L ) Ay = ) as = a4 = L2 )

L

a, =
dimensionsless form via division of the equation with e. g. a;:

b) = dimensionless parameters

3 2

. a2 Poc U L Uy Y R 2

(1) K o T o inTe A RE (v=1) = (v=1) Mg

2 2

.. as ay Noo U L T)oo Uso 1 2
() K a; a; L?  peo Poo Uoo Too Uso Poo L (y=1) 2, Re (y=1)
(iii) Ky = 23 = A T L _ e A 11

3 a; L?  Cpoo Poo Ueo Tno Uso Poo L Moo Cpoo Re Pr

C) K=Ky, =0 —= (’}/—1) =0 = v o= 1

11.14

Pref = Pwi Mref = Nw; APref = Do — Da; ey = D

— Pa . D D \/pw
Upef = Po = Pa {T} from Bernoulli tref = R [s]
Pu s Uref  \/Po — Pa

Dimensionless parameters:

introduced in PDE:




I T N Rl T T R D S A !
 p 0T  puD Puw pw D% p \0x2 0> Po — Pa
pw D
8a+,8a+,8a 18+K77 0u 0%u
— U — V— = — = — - | = —
ot O oy b 0% p \oz2 ' 02
w w ]‘
with K = e [ Pw 2
pw \Po — pa D
Po — Pa L N 1
b re = _ e K = — e
) Uref Pw Pw Uref D Re
_ Friction forces
Inertia forces
11.15
) b ou N ov 0
a conti: — 4+ — =
or Oy
‘ u n ou 0%u
momentum: U — v—| = 1n—=—
P ox oy K oy?
oT N oT 0*T
nergy: pc, | u — v—1] = A =—=
dimensionsless parameters:
_ (7 v P z Y
uw=— 0= —; = — = —; = =
uOO7 uOO7 poo7 L’ y L7
_ n _ Cp — T - A
T T Tw’ Ao
b) f Yoo ou n ov 0 N ;
conti: — | =— — | = no parameter
L \az 7 ap p

_ Us2 [ O _ou\ C Us 0%
momentum: P plu + UV =] = N Iz 8—y_2
U

_ﬂ@—i—@a— 0% [ Mo U L
P\" bz g) o \ I p i
N—_———
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one Poo Cpo Uoo Too _ e or g or Ao T = O*T
rey: U — v— | =
gy I P Cp 07 0y 12 oy?
__(_0T n 0T Moo Lo L 5\82T
& lu — v—| =
P\ oz B L% po Cpo Uoo Tno \ 072
K,
Aso o 1 1
K, = Mo 1 1

" L poo Cps Uso Too Pr Re

c¢) dimensionsless PDE.:
v

U
ti: — —
conti 97 + 0@

(_9du  _0ou 1 [d*
momentum: pl(t — + 0V —=| = — 7 | =—=
0T Y

e 11 (0T
energy: p ¢, (u o7 v B

konstante fluid properties: p = ¢, = A =7 = 1
Comparison between momentum and energy equation:
By replacing T" with u and proposing

Pr =1

the energy and the momentum equation are the same

: Too Cpoc
ie. P =

Aco



14 Potential flows

14.1

a) Parallel flow z-direction: Fj(2) = unz

E
Source in x = —a: Fy(z) = — In((z + a) + 1y)

2

Sink in = +a : F3(z) = o In((z — a) + 1y)

™

E
Superposition: F'(2) =tz + o In((z 4+ a) —In(z — a))

™

_ , dr E( 1 1 )
W= U— W= —— = Uy + — —
dz 2n \z+a z—a
L —2a - 2 _ 2 _ 2
= u°°+%<zz a2> with b=2"—y“—a
Fa b — 2ixy
= Uoo — — : :
7w (b— 2izy)(b+ 2izy)
Ea 2* —y?—a®— 2ixy
= uoo——
T (22 —y? —a®)? + 4(zy)?
Fa 2? —y? —a?
u = Uy — —
T (2% —y? —a?)? + 4(zy)?
Fa 2xy
v = -

foru=0,v=0: y=0,z, =%

b) The contour is a streamline ) = const crossing the stagnation points.

E
V= Uy + or arctan

™

fory=0, x = £z, follows

—> Equation for the contour

E
Ul + —— arctan
27

T (2% —y? —a?)® + d(zy)?

Ea 9
— +a
TUoo

FE
— — arctan
r+a T Tr—a

v =0

=0

FE
— — arctan
r+a 27 T —a

(from table)
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Comment: This equation additionally describes the stagnation streamlines on the z-axis.

14.2

VU ||V XY
a) | 4wy | y? —a?
b) | 2 0
c)| 0 -2
| o 0

The streamfunction exists for ¢) and d), the potential exists for b) and d).

Determination of the stramfunction:

c)

2
v= Ig—z——f'(x)——x
Y= §(x2+y2)+c

wzé(yz—xz)Jrc

Determination of the potential:

b)
2
o= [ude+[(y) = + ()
_
v= 8_y_f(y)_y
¢ = %($2+y2)+0
)

p=xy+c
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14.3

a) Condition for the stagnation point: u = 0,v =0

u—a—w——£ Y + 2y
S0y 2r\(z—a)?+y? (z+a)ty?

T 1 2
Y 27ry<(:)3—a)2+y2+ (:B+a)2+y2> wenny

op T r—a 2(x +a)
= — = —
or 2 \(zr—a)®+y?> (z+a)?+y?
r 1 2 I' 3z —a
oy Y r+a 2 12 — a? %)
v=0,if3r—a=0 — stagnation point: 1'52%, ys =0
alternatively:
yA
A 4 \
/ 0 \ X
" 2!
r r 2T 5
Vg = — Vg, = Vg, — = — e = 21
DY S % ol 21y 2 !
a
2a:r1+r2—>2a:3r1—>r1:§a—>xs:§
b)
2 .2
ety =0)=1— % mitu=0fory=0.
Uo.0) T Y00.0)
02
= cp(r,y=0)=1-—5—,
Y(0,0
i1
Voo = 5 (see x) d.h. ¢, =0
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3z —a\ >
: 22 — a2
with ) ¢,(z,y =0)=1— 1
a
3za — a2\’
= ¢(z,y=0)=1-— (ﬂ) for x # a,—a
14.4
a)

™

= Re(r,0) +ilm(r,0) = ¢(r,0) + irp(r,0)

3 E
= ¢(r,0) = 577“ cos = 6’ + o Inr
- w(’f’ 9) 577’ sin — ‘9 + %9

c¢) stagnation point at



E
=— > F=2 L
= Uso 5L T oo
d)
2 2 L3 . E 2 E
¢<r:L,9:§7r)— \/_51n(7)r—|—27rg7r—§
2 2 !
= <r =L,0= §7T) = gﬂuooL = Y (r,0)
2 2 7’%.39_'_ i
—TUoo L = =Uso— $IN =0 + Use
3 3 3 2
m— —9
—r.(0) =L
() ( sin 39 )
14.5
a) | v xt| =0: Potential exists.
b)
U:c U
u=— v=——
L LY
stagnation points:
u=v=>0 r=y=0
pressure coefficient
P — DPref u” +v z? + y?
K P 1= F2, x2,; +
5 ref ref ref ref yref

Isotach:
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|0l L

Circles around the origin with radius N

c)

PL= Preg + G Ty = 086+ 10° N/m?

Y =const: X1y = Ta2Ys, Yo =0.74m

p1—po = (cp1 — cpz)gﬁfef — 0.442-10° N/m?

¥ = konst

up =4 m/s, vy =—4m/s, |U1]| = 5.66 m/s

v
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14.6

v

\

E h
V= Usly + —0 4+ ¢ = Us [y+—arctan[gﬂ +c
2w T T

stagnation point: u =v=0: x3=——y,=0
T

7r
5o 1) = Uso
Wz, h) = u 1+ 72
0
sah - o0
v(zs,h) =u T

b) Contour: Streamline crossing the stagnation point

_EW—H_@ o

) b
7 sinf 7 siné with 6" =7 —0

Tk
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c, =1
P ugo

_ sin (2¢')

u? + v?

h2x—|—%
T a2 + y?

Cpk = ‘9/

b12 2
¢, = const : [x+ —] +9?=(1-cp) (—)

Circles around (—L,0> with radius h

TCp

e)

sin @'\ 2
_ 7

f)
T
Uoo N
By’ By
. T 2 _ ™
TR TV T e
h kh
Circles around (m, O) with radius m
g)
h Yy Uoco



i) Acceleration on the z-axis:

b

[
=)

oyl
2l

= — =U— = —Uo— —_—
dt ox T \x?2 Twad

du ou h ( 1 @i)
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o 3
dr e 2
4T,
bmaz 2_7Euoo

14.7

2?4 = R?

r=+v1Z+y? —o00: 1P — uyy(Parallel flow)

Streamfunction describes the flow around a cylinder.

2 | 2
Ut

2
Uso

2
Up = Uoo [1 — <E> ] cos
r
2
Vg = —Uno [1 + (?) ] sin 0

cp=1

r=R:c,=1—4sin*0



2R
At — / dx

—3r u(zx,0)

o0 (1)

—2R R

1 R z—R
At = — —1 = —(1+05Inl1.5
Uoo v 2 H:H—R_:m uoo( * nl5)
14.8
a)
pghoe + DuZ, = pgh() + %72

r=R:1* =v; = 4u’_ sin*0

2
h(0) — heo = gﬁ(l — 4sin?0)
g

b) Stagnation points: 6 =0and 0 =7

ul
h:hoo+2—°°:6.05m

g
c)
T 3T
6)min = 5 5
272
2
29
14.9
a)
2 2

F(2) = us 0.8 = Us 0.8————
(2) = Uz + . Uoo (T + 1Y) + R (x

151
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Uoo H?
= Y = U 0.8
¥ y L
Uso H?
Yy =v(x=0,y=H) =usxH — 0.8 7D H=02Huq
Contour equation:
oo H?
0.2HUso = Uy 08u2 5
ety
y o* oy
— — —0.8 =0.2
H 22+ y?H
b)
P v
v gﬁz — P= g(u2 + UQ)E (based on the width)
N (z° +y%) — 2y° 2 —y’
= — = Uo — 0,8H = Uoo — 0.8 H Uoo ——5—>
Ty T (2% +y?) ! el )
oY 9 —2z , Y
v ox “ y(x2 + y2)? “ (22 + y?)?

L. far before the mountain (xr — —o0)

.V
u:uoc,,v:OmltE:HuooHP[:gHu‘zo

IT. on the top (z = 0,y)

2H H?
/ (oo + 08000 7y

2H H? H4 HS
pP= Buio/ (14+3-08= +3.0.82"— + 0.8 )dy
2 H y2 y4 yﬁ



F[ F[ F[ 2H
= Jud <y 3:08° - =3 085 5~ 0.8'

H

p= 2.86%)Hu§o

c¢) Parallel flow + dipole = cylinder flow

Potentialtheorie

reibungsbehaftet

14.10

_ o
r

1 = User Sin 6 1—<§> ——1Inr
| | 27

_ '
Up = Uoo 1—(—) cos 0

R, . r
Vg = —Uso {1%—(7) ]sm€+%

I
r==R: U0|Wirbcl =V = ﬁ

I' = 27 Ry,
b) Flow field v; = too:

Y = Uso lrsin@ <1 — R—2> — Rln r]

r2
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contour:

V=9 =1Y(r=R,0=0)=u,(—R InR)
= Uso lr sin (1—?22) — Rln (%)] =0 ()

2 stagnation points on the contour (r = R):
g - T om

5 F; no free stagnation points

Z
-

= konst

dF;

dF,
fla

do

—
v

dF, = —pLR cos 6df

dF, = —pLRsin 0d0



2 p 9 /Ut X 2
Fx:—LR/ . 1—(——281119) 4 p b cos0dl = 0
0

Uoco

2 fp v .\ .
F, = —LR/ —u, |1— (— — 2sin 9) + Poo ¢ Sin OdO
0 2 Uoo

= —27mpLRvU = —pus 'L

14.11
a)
2 10 % 2 2 .. 2 .
F=Azs :A(re ) = Ars <cos§9+zsm§9) = ¢+ 1
2
P — Ar3sin 26
3
1 2 2
Uy = ;g—lg = gA'f’_% COS ge
2 1 2
Vg = —g—qf = —gAr_g sin 56’
2
«9:0,r:l:vT:—Al_% = uy —>A:§ull§
3 2
b)

155
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_______________ 1 S
,x=0 / [ x,y=0
c)
Lines p = const.:
r = const. — ¢, = const. — p = const.
Circles around the origin
p = konst
d)
Streamlines: 1) = Ari sin 59 = const.
3
2
2
= 1= wz — 140) = ¢2
Asin 59 Asin 59
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y r s
Symmetrieachse

=

.. % 0%
Condition: w=0 — ) + 8—g/2 =0

Oy? - dx2 Oz

o (et 0 & () =

1
integrate 2 times: ——— = Ciz + (s

|\7|:U1

X

14.12

a)

h(z)
B.C.:
1
$:L, h=1L eSS _ch’lL+02
1 3
xr=3L, h=-L — ——==3C1L+C,
3 L
1 L?
- CQ—O, 01__ﬁ h(l‘)—?
b)
w2 oW
oy’ oz’ L
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V= dy=n) = Yy=—nle=t

V = (hl —l— hl)Buoo

V =2U-LB
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15 Laminar boundary layers

15.1

15.2
a) Rer = 3.33 - 10°: laminar boundary layer

_ -

\
v

¢) from boundary layer equation :



160

@:Oforyzoandyzé
dy

d) from Blasius solution:

L L
Fy=2 [ Brude = pugoB/ ¢rdz = 0.144 N
0 0

15.3
Determination of the coefficients ag, a1, as by using the boundary conditions:

B.C.1: no slip u(z,y =0) =0

B.C.2: boundary layer edge u(z,y = §) = ux

0 =0) 0
R.B 3: at the wall (from z-momentum) nM =~ Ly
Oy? ox

If additional boundary conditions are necessary, a steady transition at Y — 1 ac be assumed,

)
ie.
o"u

=0 withn>1
oy" =5
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= from B.C.1 follows ag =0

from B.C.2 follows a1 +ag = 1

from B.C.3 follows

2 2
Ou_, 10Wux) o 1
dy* 6% 9(y/d)? 0?
— Q2 = 0, ap = 1
= M = % linear distribution.
Uoo

Permutation of the order of boundary conditions, e,g,:
B.C.1 u(x,y=0)=0

B.C.2 u(z,y =0) = ux

B.C.3 @ =0

W |,—s

—ay=0; a; =2; ap; =—1  parabolic distribution

Since the approximation of the velocity profiles is not an exact solution of the boundary layer
equations, the boundary conditions are not satisfiable in all cases. Hence, it has to be paid

attention, that the physical boundary conditionsa re satisfied first.

Computation of the boundary layer thickness 6(x):

ou

Uso OUJUno
Tw =1 5&

5 Toy/s

y=0 ’y:O

with the equation
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Differentiating gives

o(x) T 60> dr
s dr = Py 5(w)dd ()
= Gt
Integration:
_lp o
x o 007 (7)
s §(x) = [12vx
Uoco
— §(x) = V12, /2= ~ 3,5, | =
Uno Uso
: : : v
Compare with Blasius solution: §(z) = 5.2,/ —
Uoo
15.4
a) g—i in the flow:
frictionless outer flow: pu, Qo _ _Op
Ox Ox
op Oug )
e or ~PUa or —p(t, — C(x — 11)7) - (=2C(x — 1))
0
L — 4200w = 21) (s, — Ol — m1)?)
Ox
W,
x|y,
op| )
8_ - QpC(xQ - zl)(um - C(x2 - zl) )
|,




Y ap 82'&

<=0 —==n- he wall
5 0 e n@yQ at the wa
y ou

wvl-1 Z—g
4] oy

ou 1 Y y?
a—y:<alg+2a2ﬁ+3a’3§ Uq
0*u Y
8—312:< —|—2a252+6a35>“a
II: 1 =a + ay + as
IV: 0 = a1 + 2a2 + 3as
8p 2@2 1 52 8p
I1I: — = a o - 5 o
D7 M ta =53 — @& 2 nu, O
6% 2 pC (x— 1) (g, — C (z— 11)?)
— = —
a2(7) 2n (Uay = C'+ (= 31)?)
2 pC
CLQ(l‘) = P (;E‘—SL’1>
n
1 1
II/1V: ag = — 5 = 502
_3 1
=5 T g®
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therefore: 3 L 800
al(:)s) = 5 - 5 S (:L’—$1)
1 18 pC
as(x) = — 2 " 3 Z (z — 1)
15.5
a)
doy 1 du, T(y =0)
I 2 _
da?+uadx(52+5l)+ 2 0
1 3\ 1
o1 1 u Yy ! y)ﬁ <y> y 2<y)§
R 1 - — 7\ = 1- (2 IV (Ld_2(<2
L[ - L) )G - (53,
1
:>51:§(50
A e ORI (O R O OB HOR6)
* 50_/0 ua(l ua>d(5)_/o ((5 5))N\5) =516 2\s
1
:>52:650
doo

— =0, since &y = const.
dx

dug

into the above equation: p u, (209 4 01) = T

i

from the z-momentum equation for y = dy:

du, dp
plg—— = ——=—

de ~  dr

dp
w = —— (20 )
— T dSL’( 2+ 1)

) dp d 2\ 2 2x
with d P (1_k<7)>__p°kz_2

2x 2 4 501’
— Ty = pOkl_2§50 = §p0k1—2

15.6

i ou Ov
conti. — +—=0—v=wv, = konst
Oxr 0Oy
~—~

=0
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momentum equation:
I
dt

momentum balance z-direction:

/pﬁ(ﬁ ) dA =Y Fyy = Fy

—p Vg Uy dv B —pu?(y) dy B+ pu*(y) dy B+ p v, 0dx B=1,_0 dz B

—p Vg Ug dx B = 1y—¢ dv B

with
du a0 = v n
Ty= N = = a — — a = ¢
y=0 ndy /)7 5 p p5
| vl |
v v ull
A |
| :
i l
: ! u(y)
l : Yy
—— —— —_————_———Ti—h——_——_l —— — —
X
Va
I — y
15.7
a) boundary conditions:
Y—0: Z-o Lo
1) Ug Ug
Yy U
—_— = 1 R p—
0 Ug

ar oy )~ Tay
Yy _ . o 0% (u/uq)
5= 0: uwu=v=0 9y /9)? 0
oy e _ou_ o P
5 or Oy 0(y/0)?
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frictionless outer flow:
A(u/u,)

01 1 u y) 3
L 1— — A
) /o ( ua)d<5 10

S u y\ 37
g_/oua(l ua)d<5>_315

d52 T(y = 0) .
dx * puz 0
nug d(u/ug) Nty
T 0) =— = -
WO =S a0 |y —

Tnt ; ) 5.84
ntegration: — =
& r v Re,

2 LT, 2 L = 1.371
/ T 4o / T(y : O>d1’ _ 137
0 0 pus Rey,

15.8
a)
u(z,y) y
ua(x) = Qg + CL150
BC y=0 = u=0 = ay=0
y==0 = u=1ur) = a=1
u(z,y) Yy
— ua(r) o
b)
d(SQ 1 dua W
2, - 9 —
dr  ug d (2024 01) u?
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1
displacement thickness % = / (1 — ﬂ) d ( y) =1/2
0 0

Uq 50
1 1 do.
momentum thickness g—z = /0 (1 — u%) u%d (5%) 5 # flx) = d_:c2 =0
u
ou Uq g <U_a) Uq
Tw =1 =— =n— =n—
U v L ey g
y=0 0
von Karman integral equation —
dug _ 61 1
dr 5 p 8
6n x
— ua(l’)—g ; 5_8_'_0
BC: 2=0 = u(z)=0 = C=0
6n x
— a - -
Uq(x) 500
c)
L
F :/ To(x)Bdx, T,=1 Ua(T)
0 50
62 B L 3 2 BL?
e F = - — —/ d —_ -
5 p 68 Jo =y p 03
15.9
a) Solution see 15.7
A)
o3
8
530
) 280
é 4.641
r  Re,
1.293
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E%

Cy =

=1- -% =0.363
T
2 1
=2 =0137
T 2
4 T 4 795
VRe, VR
2\/2 - 7T/2 1310
= L) =328 mm

d(z

p

F, = cw§u§2LB =091 N

o(x

=L)=3.39 mm
F,=093 N
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16 Turbulent boundary layers

16.1
a)
R Ccri
LTkrit = P Cerit —0,167m
Uso
b)
¢ = Y /Re, = 1,005
x
0,36 0 wu=16,2m/s
Uoo
(see Diagram ¢ = f(u/ue), script chapter 15.4)
z=0,15m Re, =4,5-10°
Y /Rey=1,095 : y=245-10"*m
x
c)
P
4’—’—" !
//// —> : 6(‘x)
|
£ |
|
X X Krit
d)
TW“

Ablosung
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16.2
a)

with the product rule

ou  ou*  O(uv) ou ou  Ov  Ou
P\ + =+ =p|l = +2uz—t+ur—+v—
ot Ox dy Y Yy

ou  Ouw  ouw\ o (0w Ov
P\ar "% Ty ) TP

with Ju/0x + dv/dy = 0 (conti.) follows

Ou 0w O(w)y  (Ou  Ou  Ou
P\ot " ar "oy ) " P\ar T T ey )

op+p) Plutu)  Plutu)
fe ox n 0x? + 0y?

The computational rules 2 and 4 result with f, = f,

(@+u) Ow+u)? I((w+u)(v+0))
p< ot + ox + dy )

—  0@+Yp) Pu+u) Pu+u)
Jo ox 0 0x? + Oy?

o ou Ou+u)? I((u+u)Tw+0))
P (E + ot + ox + oy
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with @' = 0 and p’ = 0 follows

B ap ’u  0*u

ou  O@+u)? O((@+u)(w+0))\
p(aﬁ or oy =S P T e
Regard
_7/2 — ™ [— /
o(m+u) wnd Iu+u)(T+0)
ox oy
follows

ou+u)?  Ou2+2uu +u?) ow? IQud) ou?  oud  ou?

ox ox Oz ox or  Ox + ox

and

du+u)v+v)  Ouwv+ww +uv+u'v)

d(uv)  O(uv') N O(u'v) N o(u'v')  Ouv N o'’
oy oy dy Oy dy dy

put into the Reynolds averaged z-momentum equation

ou 0wt g7 o)  ouv) o (0
P\ot T ar T ar T oy ay ) 7" ar T\ a2 T By?

algebraic transformation

@_i_a_ﬂz_i_a(ﬂ@) —f _@4_ @_’_@ + _am_a(ulvl)
P\ot " oz oy | 7" ox "\ 9.2 Oy? P x

16.3
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Uoo Rey 103 ¢cp1 | Res | 10% cyo Fun
Fw2
0,4m/s | 4-10° | 2,10 | 2-10°| 2,97 | 0,707
0,8m/s | 8-10° | 2,76 | 4-10°| 2,10 | 1,313
1,6m/s | 1,6- 106 3,19 8-10° 2,76 1,156

b) Re; = 1,96 - 10°

Col = Cuz = 3,0-1073
1) Rey = Re; :

2) Rey~1,3-100;
3) Rez~9-10°:

(see diagram, chapter 16.2)

Usoz = 18 m/s

Uso2 = 0,392 m/s

Uz = 2,6 m/s
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17 Boundary layer separation

17.1 The coefficients ag(x), ai(x), as -z, az(z) of the polynomial are determined first. At

least 4 boundary conditions are necessary. Since d_p is unknown the momentum equation at

x
the wall gives no further information. The condition for separation gives an additional boundary

condition 5
Separation occurs at /e = 0.
Boundary conditions:
y=0 = u=0 = ap(z) =0
y=0 = u=1u,(x) = 1 =a1(x) + agr + a3(z)
Ou/u,
y=2=9 u/u =0 = 0=a1(x)+ 2asx + 3az(x)
8y/5 Y= K}
for x =z,
ou/u,
y=0 = =0=0=ay1(z,)
Atz =z,

s + a3(x,) =1 5 2asw, + 3az(x,) =0
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17.2
U
P
- I
_ 2Jg dFu(a)
B gugoDL
D
dF,(a) = dF(a) cos(a) = p(oz)LE cos(av)da
_ P 2
p(0) = cyfe) 22 + e
2 2 P9
0<a< 37 :p(a) = (1 —4sin 04)5%0 + Poo
2 2
37 <a<m:pla)= {1 — 4sin® (gw)] guio + Do = —2§u§o + Poo
cw=V3
17.3

a)

Determination of the coefficients a; with the following boundary conditions:

(D uly=0)=0
(D) u(y = 0) = ua

d 0?
(III) momentum at the wall: y — 0:u — 0,v — 0, @ _ n gu
dx 0y? y =0
V) 7(y=0)=0
dp  dp, dug(x) u? 2
X, — _9)"Xgin 2T
i L R "R
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Using the ansatz:

U
dp Ug U_a N 5 pug 5 4 ugo o T
- =M = Ao = — LAy = — —— S1I1 — COS —
dr 152 <y>2 52 "2 T 95, " T TR MR R
0 5) Y _ 0
5 =
— 0L cot v
Ao = — J— J—
? 2R R
Following the boundary conditions
apg = 0
a;+as+as = 1

a1+2a2+3a3 =0

EA as = —%(1 -+ a2)
3 1
a; = 5 — 5@2
b)
Separation: 7, = 0
g
Twzng—z Lo Ua | Lo — g =0

i ()55 = GLG-GL)b = (o
assupo.RA~2 R4 \2 R4 25 R/ 7

T
(~ §assumption is justifiabe)

O, =98°
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17.4
a)
equilibrium of forces: F, =G (buoyancy can be neglected)
sphere:
o PL o D3 D3,
Y27 4 T 6
v
— Re—L
v e D

Re=0,5: Dg,.. =6,81-10"*mm

cylinder (Lnge L):

D2
cwp—vaDZL = pﬂ Z

L
2 1 Y

3| 16 Re le/%
Dy =
2—InRe p g

Re=0,5: Dy, .. =4,7-10" mm

b)
vg = 0,110 m/s
vz =0,159 m/s
17.5
a)
D2
G=F, =cy %U%WT (buoyancy neglected)

co1 =0,4  (Rey =3,03-10°)
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b)
D
Rey = 27 — 4,210
v
from diagram: ¢, =0,1
D
Foo cw2%v§”4 —1,95N < G

from diagram: c,3 =0,1

17.6

wD? dv pr_,mD? nD?
T 2" Ty T

steady sink velocity:

b)
1 /0 d s
Ty = ——/ % = % arctan®
g S o (_) g Vs
Vs
c)
wD3 dv pL omD N nD?
—— = —Cy—V
PTG at 2’ Ty TP Y
1 d d
S R
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HIE/VB vdv 2:_U_s [1_(U_B)2‘|
gJo 4 _ (1) 2g Vg
Us
Ug
v =
2
1+ ()
Vo
d)
1 s dv Vg . Vg + Up
Ty = [ =25
g /o 1_(&) 29 vs—up
vs
e)
cp = 0,4 Cw =20
wooden sphere | metal sphere
H[m] 37,2 44,0 45
Tyls| 2,64 2,96 3
vg[m/s] 24,9 29,3 30
Tps] 2,81 2,98 3
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19 Compressible flows

19.1
a)
M=—"_ =20
VART
b)
Flugzeug
Beobachter
L= il
tan a
n (572)
= arcsin [ —
Q@ arcsin | -
L= 1001 m
c)
Ar= 2
a
H
cosa = —
S
At = 1.96 s before passing the observer
19.2

b

(vp —v4) tana

Mg= 2, a=30°

At =

At= 1.73 s
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19.3

a)

momentum:

energy:

subcritical: p, = p,

supercritical: p, = p* = 0.528 - pg

b)

momentum:

Bernoulli:

:""""""""""""""": Pa
I I
i pO g _{
ﬂ—: To ° TI AD
il Po f
T Fs |
(Bpy @ ey o ——0O----------!
pe'UeAD - (pa pe)AD + Fs
v2 = 2¢,(Ty — T.)
c ——VR
P /7_1
Fs Cal ﬁ(l_ﬂ) Pa , Pe
poAp v —1po Ty Po Do
-1
) -
To Po Po
F, 2y <&>v_7+1&_&
poAp v —1\po Yy—1po po
Fs:p’USAD
,Ug _ 2(p0_pa)
p

F
-3
PoAp Po

o
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p r
— PoAp
Do
a) compr. | b) incompr.
1 0 0
0.6 0.66 0.8
0.2 1.07 1.6
0 1.27 2

19.4
Energy:
ul u2
CpTl + ?1 - CpT2 —I— ?2
up (v + 1) (M) :
— = see script
uy 24 (y— 1)M2 ( pt)
Cp = —VR
D ~v—1
(v — D(uf —uj)
T, -1, = =1979 K
2 1 IR
19.5
m = pv A= \/RLTlelA
1
| Pyl ‘
i 1;0 -—}—-—-—-—1¢)— ——A|— -
1o ! .
momentum:
p1vi A = (py — p1)A
1
My = |- <@ = 1)
7 \DP1
energy:
_ vi
CpT() = CpTl + 5
T
h=— 1
1+ TMf

=141 kg/s
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19.6
. p1 Po |'Th
= A VYRTh | = A
e i po RTy \/W V™
M1> 1, M2<17 P2 = Pa
0 — 1 isentropic flow
A* 1 .
1= 13 (fron diagram) — M; =2,
1 .
pr = o — 22210 N/m?
1+ ﬁ(Ml2 —1)
T
T = - —
R
To\7T 1
Po= D1 <—0> 1 =N (1 + —MZ) o = 1.74-10° N/m?
Ty 2
y41
2(v—1)
. 1 Po
m= |——— Ay =443 kg/s
) N v — 1M2 l\/R—j—,Oﬁ 1 g/
—
b)
p A
Po— <] . .
[P5 EE——— : _______________
* 1 s
19.7
1v+1
2 Y-l \\2v-1
— 1+ —M v
5w ( L)
from hint: =2 — S P2 | X F 1 2
Ar Mg | 2 (1 71 2)
- + —ME2
v+1 2

2 R
Energy equation: ¢,T + % =c, Iy with ¢, = LS



1u?c? 1. ,vRT
= T+ _-—— — T+ M (y—-1)=T
* 2c%¢, * 2 YR ( )=To
1
— 75:(1—§M%7—U)T — Ty=(1402MOT %)
1+02Mp) =18
Pa T
ground D= = > 5 5 5
p v—1 -1 y—1
0 TO TE1 TE2
1 - !
' ipa % Po Pa 4pa
altitude H )
Po
1 21 0.673 Ty
— Tp, = (=)7 Ty =0673 Ty = T = 2.67
= ()7 Te T T T,

19.8

U2

My, = 2.

a2
Energy:

CpT() = CpT2 +

ho = const : Ty =Ty, = Ths

2
U2

2
YRT,
~

v—lR

DPoy = Poyr =

(7 -1)
v—1\T;

[

-1
>
=1.14
Poy1/
Do

Pa = P2

Po

M,y = 0.837

183
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b)
T:
Us = Mor/vRTy Ty = Tz Ty =263.12 K
= uy = 272.2 m/s
c)
Poa 3
= —=1.838 k
Po2 RTo, g/m
d)
M= pousAs  po = —L2 =1.324 kg/m®
R-T,
Ay = 1 — 0555 m?

p2U2
19.9
a)

T

212

T

T:
Ti = f(M;sino)

Diagram or formula: M;sinéd = 1.31

o = arctan (M) = 53.13°

U1
— M, =164
M, = | 7 | _ uzy + uf
(&1 yRTy
u?, 4+ u?
=T =21 =29 K
! yRM?

b)

momentum equation tangential to the shock + continuity:

U = uyp = 300 m/s

Ot _ f(M,, sino)
Un2

diagram or formula:
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= Upy = %unl =258 m/s
Un1
L = un2;’ut2 _ 19
R2T
Y T 1

tan(e) = e
Un1

Uy Ut
— (# = arctan — — arctan — = 12°
Un2 Un1

or (§ from diagram (5 = f(M;, o)

M, = const = 1.64
My =1
fro diagram = f(M,, o):
6=15% o=061°
Uy, = M sin a\/ﬁ =440 m/s
Y upy +uj

&1

= uy = /M3 —u2, =234 m/s

1

19.10
o = 40° M, =22 = Msino;, =141

Formula or diagramm § = f(My, o) : [ = 14°

(v — 1)M2sin® 1 + 2

M2 -2 _ =
5 sin“(o12 — Bi2) 2y M? sin? oy — (v—1)

= My, =1.65
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Formula or diagram P f(My,019) = P2 _ 2.17
b2 D1

AB =14° — 6% = 8% = i3
My =1.65

from diagram o = f((3, Ms), schwacher Stof:

093 = 460
using formula M3 = f(Ms, 093, [a3):
Ms =1.37
. D3 p3
from diagramm — = f(My, 093) — =— = 1.53
D2 D2
13 T3
23 f(M. — 2_113
T, f(My, 033) T,

19.11
The suction leads to an increasung pressure p(t) in the boiler. The flow is undisturbed until

a shock is located in the exit cross-section Ag of the measuring chamber.

Mg =23

~

—1 51
b _ (1 R Mg)” L o125
PE Aust 2

with pg = 1 bar, follows pg 4, = 0.08 bar = py(t = 0)



Determining of the boiler pressure py(At) at the end of the measuring time:

relations across the normal shock:

= pr(At) = 0.48 bar

mszC—;yﬁwm&ﬁfi

A" = Ay
— 1 =24.2 kg/s
pr(t =0) = pp(t = 0)RTk
pr(At) = pr(At)RTy

Am = At = Vi [p(At) — p(t = 0)]
v, 1

At=—2 —— At) — = = 20.
= At W RTx [pr(At) —prp(t=10) ] =20.6 s
b)
Dk _9
PE Ausi
from diagram = f(Mgsino):

PE Ausi

Mpgsino =1.36  with Mg = 2.3 follows 0 = 36.2°

g from diagram = f(M, o): [=12°

from diagram Por _ f(Mg -sino) : Pov _ 103
Po2 Po2
15
— =1.22
T
with pg; = 1 bar follows pge = 0.97 bar
T 1
ﬂ:%%:——jT—%:BM(
R

= Ty, =166 K

187
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—1)M?sin® o + 2
M2 2 _ — (,y 1
2 sin(o = f) 2yM?sin®o — (v — 1)

= M, =183

T, —1
T2 TR = Ty =2TT2 K
T 2

Vo = ¢y My = \/yRTy My = 473 m/s

£ > ];S \'\MBOIJ

pE Ausl

Bab =P —e =20°—¢

Bu=Pk+e=20"+¢
B + € < Bas(Mp = 2.3) = 27.5° = £ < 7.5
Bop = 12.5°Mp = 2.3

from diagram o = (58, M): o4 = 37°

— Mgsino,, = 1.384

B, = 27.5°, Mg =23

from diagram o = (5, M): o, =62°

— Mgsino, = 2.03

_ Pu Dob
Pu — Pob = - PE Ausi

PE Ausi PE Ausi

Pu_and L% from diagram P2 _ f(Msino):
PE Aus PE Aust p1

= Py — Pop = 0.22 bar



—1)M?sin® o + 2
: M2 22 _ — (fy 1
using My sin(o = ) = 5 T — (7= 1)

19.12

a)
M, =3; [ =15 — diagram o1 = f((1, M): o3 =33°

(y — 1)M2 sin? oy + 2
2yM2 sin®oy — (v — 1)

with MZsin®(o) — 31) = follows M; = 2.2

612 = 51 - 62 =5 — diagram 09 = f(ﬂlg, Ml) follows 09 = 31°

U.SiIlg M2 = f(ﬂm, g9, Ml) follows M2 = 2.02

T T,
¢ = 1/yz%?oﬁifoo = 503.2 m/s

Un _ 199
C*
1
M = S s S Y

2
-1 =

b)

. Un
M2 Silnog — —

. Unp,
= Mysinoz = —
c

—> 03 =052° — Diagramm (= f(o3, Ms): [ =20°

[z = 03— [y =10°

using M3 = f(8,03, My) follows Mz = 1.27

M sino; = 1.63 = diagram P f(Mysinoy) : L 2.9
P Po
. . b2 . P2
M; sinoy = 1.13 = diagram — = f(M;sinoy) : — = 1.4
p1 P1
. . p3 . b3
M;sinog = 1.59 = diagram — = f(Msysinos) : — = 2.7
P2 P2
ps=D2 B2 P 10.96 bar

- P2 P11 P

follows M., = 1.85 and M, = 0.94

189
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19.13

=

Va
1

M, =16
—1 NEE
P <1 +1= M12> L =0.235
Po1 2
P2 ="
P2 _Pot P15 989
DPo2 Po2 Po1
b2 ( Y 1 2>_”1
P _ (141
Do2 2 2

_ My My [Ty My [Ty Ty T
M -, M,V T, M\ Toe Tor T

To1 = Too

T02 2

analogous

‘7’
I
VAl

p2 _ p2/(RT3)

P1 B p1/(RTY)

T 1!
22 (1 + 7—M§) = 0.69

Ty
— = (.66
T

=0.95

T
=T, 0.96



