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momentum equation

vector equation of motion for a continuum

steady flow:
%, dl I S 2R K
ressure:  F, = [4 —fipdA -
pp p=JA pnp . 1pA
Py P2 X
‘n_ T :: —pQA

| "

X

volume force:  F, = /. gdm = |, Gpdr (incompressible)
acceleration is parallel to the coordinate direction

friction force:  Fp = — [4(¢" - 71)dA




Fg: Force from the fitting onto the flow
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Scalar product: v - 7

e the part of the mass that moves normal to the surface and flows
through the boundary of the control volume

e influences the sign

b

Vi Vo
— —
S Kontrollvolumen ——
y n n
L’x L
iIncoming mass outflowing mass

has a negative sign has a positive sign
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Scalar product: v - 7

U1 U] = (lej
\ “ly
i -]
10
— —V], = "171‘ ’ﬁ’ COS(Z<Ulaﬁ>)

The sign of the scalar product is not depending on the orientation of
n in the coordinate system
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. negative
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momentum equation

The respective component of the velocity is used for the computation
of the momentum. The sign of the velocity depends on the coodinate

system.

Vi Viy

le>>J \_4\/2)‘
1 n N
’ ln v,=0
T Fsx
Fey
x-direction: dcif = —Fop = puig (—v1p) A1 + puvoy (sz) Ao

U1 n VoM



: : dl
y-direction: d—ég = Fsy = Py (—v1e) Al + P U2y (ng) Ay + pvgyvgyAg
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The choice of the control surface or the control volume is quite im-
portant

procedure/criterions

1. sketch the flow
2. define the coordinate system
3. choose the control surface such that

e the integrands in the different directions are known
e the integrands are zero (symmetry plane)

e the geometry of the control surface is simple

e fitting forces are included (or not)

e if necessary use a moving control surface

4. determine the integrals for the special problem

momentum equation
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1st example

2-dimensional, frictionless symmetrical
Bernoulli

L 5 L 5
P11+ 510@1 = P2+ 510@2
Schaufel 1 2
i = P3+5PU3
P1 — P2 — P3

— V] = V9 = U3
Bivy = Bovg + Bgvg

By = By = By

given: p, V1, B

momentum equation in x-direction: %z = 5 pU(T - [)dA =2 Fy

p(+v1)(—v1) By + p(—vo)(+v2) By + p(—v3)(+v3) By = — Fia

Inflow outflow outflow

1 1
PU%(—Bl — 531 — 531) = —Fsy — Fsyp = 2,071%31
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2nd example

2-dimensional, frictionless, symmetrical
the same as in example no. 1, but with a moving blade

Schaufel

Fop ="

Vabs = VUrel T Ustat
Urel,1 = Yabs,1 — Ustat
Urel,2 = Vabs,2 — Ustat
given: Ps V1. abs> B1, Ustat Urel,3 = Vabs,3 — Ustat

Bernoulli, conti, symmetry v,..; 1 = vyej 0 = vper 3 — Bo = By = 5By
momentum equation in the absolute or in the relative system

== p#abs(vfrel )dA =X Iy

v

velocity mass flux
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moving control surface

n . Vsat
Vrel vabs
rel Vabs ﬁabs — 67“6[ _|_ ﬁstat
dl, . . ) ) ) }
= 4 U ps(Urep - T)dA = 4 0(Tyop + Ustat)(Typep - 1)dA
- f/l PUstat(Uye - 11)dA +}1 PUpel (Ve - 11)dA
=0
dl, o B o }
dt - f/l PUel(Upep - 1) dA = f/l PU 1 s(Vpep + T)dA

Fya = 200711 B)
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Determine the pressure difference Ap = po — py In the plotted bifur-
cation by neglecting the friction.

7.2

. 1
Given: vy, vy, Az = ZA’ «, p = const.

—> v Vs —>
> e, >
I A
/:::: v
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%/
Kontrollflache
dl,

momentum in x-direction: 7 = Apﬁx(ﬁ- n)dA = s Fy (Apg)

" ] A% = As/sina
3y - o .
UV -N = V38l v = V3%
dl,
= pui(=v) AL+ prgvaA + pug cos a—v3Az) = £ Fy

only pressure force: x F, = — [pndA = (p; — p2)A

conti: viA; +v3A3 = 1v9A9 — v3 = 4(?}2 — Ul)



RWTH

7.2
Ap = 1o — 1 = p(02 — 02 1 Alve — )2
— Ap =py — p1 = p(v] — v5 +4(vy — v1) cos )
alternative
Kontrollflache n
— Y e
7/

p3, P34 Are unknown
— [pridA cannot be computed



Aerodynamisches Rm
Institut und

Lehrstuhl fiir

Stromungslehre

water is flowing steadily from a large container into the open air. The
inlet is well rounded. At the exit is a nozzle

example

A gl A
h h
M ; Ay
..... | A B B
-
1 A i
i §

Given: A, Ap.,h,p, g
Determine the fitting force

a) for the standard configuration
b) without inlet and nozzle
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example

1.) mass flux

Q:UA:UDAD

a) well rounded inlet and nozzle
— no losses
— Bernoulli



L -
Pa + pgh = pa + ~pvp
e

2
sharp edged exit
N s —up=+2gh




Beispiel
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b) Borda estuary (separation)

Ablosung
\ | R
1I_ L'&'.__'.__'.__'.__'.__'._'_'_'_'_':
2 4

— losses
— no Bernoulli
— momentum equation
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example

choice of control surface

e exit

e NO forces

e NO pressure difference

e outside of the pipe

e within the pipe along the wall v = 0

 p(2) = pa+ pg(h — 2)
dl, I oL .
—— = [ pip(V-1)dA = | pUR(Vg-1)dA = pvrARvR = mup
dt A Ap

=S Fy = Fpr = (pa + pgh)AR — paAR

— UDp = @ < VUD.a



example

rstuhl fiir ‘
lehre

2.) forces

pDAD = (pa + pgh) AR — paAR + Fy

forces
exit
not cutting the tank

vp = 20h — Fy = pgh(QAD — AR>



example
b)
o —pv Ap+ pvRA{z Fe + (p1 — pa)AR
__________________ B N P1 + 5PV = Pa + va — VU] = Ug = VR
OSSN — P = Pqg — F,.=0
[
p A p A

\holz ve \delta p=rthogh

> rho/2gh
p _ L | rho2v .

<V

P
X
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different forms of propellers

1.) sharp edged inlet

// r% Bernoull

/ ;//// NN

1

YYyvYyYyYy

W\\\WN%

v

2.) well rounded inlet

Bernoulli
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different form of propellers

3.) pipe with nozzle
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summary

e well rounded inlet — Bernoulli

e sharp edged inlet — momentum

e sharp edged exit — Bernoulli

e losses (separation, mixing, ...) — momentum
e power — momentum

e outer forces — momentum

but

e for special problems both equations are necessary
e if Bernoulli is valid the momentum equations is also valid
e don't forget the continuity equation
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Rankine's theory of jets

Propeller, windmills, ship’s screws

e 1-dimensional flow

e no influence of the rotation

e distribution of force is constant across the cross section
e acceleration or deceleration
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Rankine's theory of jets

:
il

}
— B —
— 12 - A,
A : "2
1 .: —|
[_> I -
—— ,_ =
Py P2 ,

>
3.

0
1
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Rankine's theory of jets

continuity:
pu1 Al = priA = proA = puoAy
Bernoulli:
|1 pa+gv%:p1+gvf
( /
28— 2 p2+5022:pa+gv%

momentum: control volume
—pv2A + pv A = (p — py) A+ F

— F=(py—p)A <0

continuity:

Am = pAs(v) — v9)
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Rankine's theory of jets

momentum: control volume
—p’UlAQQ + p’U2A2 + PUT (A — A2> + Amvl = F

— I = propAs(vy — v1) = pv'A'(vy — 1)

1
theorem of Froude: v = (v +12)
2
. v "
4 Ul /Ul
' or Pma:z: 8 3
maximum power: — (0 — _

maximum thrust: A L !
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7.8

Two fans sucking air from the surrounding differ in their inlets
Given: p, A, Ap

Ap Ap
. 9 ©
| | | |
. e 1 S — . _ 4
! | U
e B [}
Compute

a) the volume flux,
b) the power of the fans,
c) the force on the fitting.
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7.8
A
C o, Bernoulli 2 —» 3:
9 2
O 1”2 J 3 p2 + 5035 = p3 + Hu3
o T — P2 = P3 = Pa
\ ,
4 H
A
Bernoulli —oco — 1:
pO ( :7 p/2V p3: pa B 2
;NW } ap=ap, Pa+0=p1+ 501
- (Ap = p2 — p1)
o'} 0 1 2 3



—
U1 = 2

Q) =
A = gA
Jp p4




Aerodynamisches
Institut und

Lehr: t hl fiir
Stromungslehre

7.8
1st theorem for steady flow processes: P = QApy
. p p
here: Apy = py2 — po1 = p2 + 2?}% —p1— 2?}% =py—p1 = Ap
2
— P = ApA|-Ap
\ w N ~
/Eo (o —I_—E>-*:
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7.8

assumption: flow field can be described using a point sink
— no direction at infinity
— the velocity is constant

— AOOUOOAZU AU

— Voo = ———

Ao
momentum flux for A



Il _
dt|

dl dl
o o _ — = = dA
), (dt)y RS UMULE

< fa |p0 (T ) dA| < fa_ praedA = puAcc

— \

UOO—A :

o — > 0 for Ayg — o0

dl _ pv? A? m
Ao pAsc
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Impossible at the exit

YYyYYvYy

l YV Y

—— directed flow

YYyvyy

YV VY l

Yyvyyvy

momentum equation
dl s
’E’CB — IOUQA — —Pa Y{AOO ndA + Fgy
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Ap
Ablosung @
g |
o _ L0l 43
— \ !
J APy p /2 V2
_______ ¥
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|
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7.8

\ Ve 3

J AN \J

/
/l ___________ n
I [
! I §/— Al
I |
\ [
\\ ——————————:U

\\ Voo

\ - — = _: E»
/ . Fe

. /AOO

momentum equation
IOUQA = paAoo — (Pa(Acc — A) +p14)
= (pa — p1)A = ApA

JAN :
V] =V = P > () = AppA
P
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power:

P = ApyQ = ApA@

_____

=




momentum of momentum equation (angular momentum)

Aerodynamisches

Stromungslehre

2nd Newtonian law + trnasport theorem of Reynolds
— momentum of momentum equation (Vector equation)

O 5
E/Kv(f)x U)pdV + /KF(FX ?7),0(?7 ﬁ)dA = M,

Moments of pressure forces: Mp = —igpp(rxn)dA
Moments of volume forces: M, = 5 (7 x pg)dV
Moments of friction forces: Mp = — i p 7 x (5’ n)dA
Moments of outer forces: M, = 72 x F,

steady flow: 9, 71/ (7 x @)pdV = 0

rotation around an axis (instead of a point) — scalar equation
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momentum of momentum equation (angular momentum)

Rotations-
achse

tangential

M= | Vtangential * 7] p(v-1)dA
KF

usually: steady, fixed rotation axis, rotational symmetrical
— quasi 1 dimensional
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momentum of momentum equation (angular momentum)

assumption: pressure and velocity only depend on the radius

L
0z 06
control surface: segment of a circle

= (

p-dodr




momentum of momentum equation (angular momentum)
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—pvv%‘gdr — pvv%‘gdr = (p — %%)(r — %)d@ — (p+ %%)(T +- %)d@Jr

. df
+2 - pdrsin=s

od0 dr dp dr dpdr dr

= — 2pv ?dr = prdf — pd2d9 - gTdQ’rdQ + glrc% C% do B

r pdr pdrdr
Zrd& P do e rdf RS df + 2pdr >

= pdeHdr — P rdp
dr
2
:>dp:pv mitw:v=>dp:pw2’r
dr r r dr
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A sprinkler with three arms is supplied by a large tank and rotates
with the angular velocity w = const.. The angle between the outflo-

wing jets and the circumferential direction is a.
H=10m, R=0,5m,h=1m,

A=0.5-10"*m? A; = 1,5.107* m2, o = 30°

7.11

Jo)

pa = 10° N/m?, p =10° kg/m?, g = 10 m/s°,

w=155"1
Determine

a) the relative exit velocity, b) the torque and the volume flux,
c) the pressure p;, d) the maximum torque.
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7.11
a
) "y
s lg
. Pa &
09 . 1
O\ vy Slfl o P J'I\ )
. /] N Vi COS (X ](
y “ J
_ v o
'
v, 1 i
Va = Vabsolut Ur = Urelativ W - R = Uyehicle Vg = Ur + WR

vy using Bernoulli with an additional term

0

Pa + pgH = pq ‘|‘

S

— 5 p(b - d5)

P
= Pa T JUr — P

2
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7.11

b) steady flow in a moving coordinate system

— [ (7 X 0)pi - idA = SM =X (Fx F)

— M = [jo o (7 X Ty) pvy - BdA

7% U] = |R(WR — vy cos )|
momentum for three arms:
— M = 3pv, AR (WR — vy cosa) = —6.8 Nm

the momentum M operates in the direction of @. F and ¢ are directed
contrarily.
| 3

O =30,A=24-10"3"2
S
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7.11
c) Bernoulli0 — 1:
0
pa+pg<h+H>=p1+2fU%
wo9
L=
12
pQ 5
= p1 =pa+pg(h+ H) ) A? 0.82- 1075
d)
dM .
OTZO — Maximumforw =0 = v, =+/2¢H
W

— M = 3p/2gH AR (—\/2gH COS oz) = —6pgHARcosa =13 Nm
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A tank with the weight G is fixed in a rotatable bearing in D. lts
drain-pipe has a 90°-bend. The center of gravity of the system has
the distance A to point D. What is the angle a between the pipe-axis
and the vertical axis, if the water flows without friction?

/ D/'/ /
v

7.12

Given: G, [, h, A, p
Hint: The tank is such large that the water surface is not moving.
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7.12

momentum of momentum:
TN g p p(F X )T - itdA = SM

A /H plv A= Ghsina

/

Bernoulli 0 — 1 : pgl cos a = gv%

—> v = 29l cos a

—> pl2gl cosa = Ghsin«

—> Ghtana = pl2gl
pl2gl

n

—> = arctan (



