Vectors, Tensors, Operators
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Tensors
Rank 0 Scalar p,p,T,...
Rank 1 Vector Fol,...
Rank 2 Dyad a T
stress tensor

Differential operators

Nabla-Operator 0/0x
in cartesian coor- 0/0y
dinates 0/0=

7 e o o
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Vektors, Tensors, Operators

Divergence (div): divi = V-7 = gg 4 gz 1 %@5

(inner product)

Gradient (grad): gradp = Vp = (2;2,25725)“7

Rotation (rot): rott =V xu = (outer product)
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Vektors, Tensors, Operators

LAPLACE-

Operator N vZIE v v B
in  cartesian O

coordinates
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Computational rules

1. Scalar - Vector — Vector

B by a by
ab=a|by|=|aby, |=cC
b, ab,

2. Vector - Vector — Scalar (inner produkt)

C_L) ) g: (Clgj, ay, az) ) by — agjbgj + ayby + azbz — C

3. Vector - Vector — Vector (outer produkt)
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by by b,

ayby — azby
ayby — agzb,
azby — ayby
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Computational rules

4. Vector - Vector — Dyad (dyadic produkt)

. Ay a0y aajby azb;
6 ® b — ay (bx, by, bz) — a/ybgj ayby aybz — Z_:
Q. azby azby azb;
5. Vector - Dyad — Vector
_ by bajy by Azbyg + aybyaj + aybyy
bz bzy b2 Azbgy + aybyz + axb;,
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rot(grada) = V x (Va) =0
div(rotv) =V - (V x @) =0

U X (rotv) =

u
U
w

ow  Ov
Jy 0z
% _Ow
oo
or Oy
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Partial derivatives

Total derivative of a function f(x,y, 2)

_of, of,  Of
df = dr + 5t 5,

the total derivative describes the increase of a function
v="1(t,x,y,2)
0v ov ov ov

di = it + i+ Pay + 2az - dt
T e I T A e

dv 0v 0Ovdx Ovdy 0Ovdz

— =+ + +

dt Ot Oxdt Oydt 0zdt
Uu v w
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Substantial derivative

local
@ = @ -+ ua—?7 + va—ﬁ + w@
dt Ot or 0y 0z

substantial convective acceleration
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Summary of simplifications

steady: =0 |notd =0

incompressible: p = const.

Symmetry: Normal component of the velocity = 0
0
=0
o0

frictionless n =0 (A = 0 (heat conductivity)



Summary of simplifications

2-dimensional reduction of the number of equations
reduction of the number of derivatives

fully developed flow 5 =0

continuwity Hu - Ow

8:1:—"_8,2_0

— w = 0, sincew = 0 athe wall
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streamline

pathline
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3.1

motionless observer: pathline # streamline
moving observer: pathline = streamline

motionless environment

constant velocity — unsteady flow for fixed
observer
steady flow for moving
observer
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a) A piston is moving in a tube of infinite length and with constant
cross section A with the velocity vy, (f). The density of the fluid is
constant.

4.2

——t— ——— >
/

VKolben (t)

.
/
Kolben

Determine the substantial acceleration in the tube.
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b) A fluid of constant density flows into a diffusor with the constant
velocity v = vy. The cross section of the diffusor is A(x). Determine
the substantial acceleration of the fluid along the axis =.

/

A(x)
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4.2
a) substantial derivative:
dv_ 00 ov
dit ot oz
continuity: A - v = const. mit A = const.
ov
> = ()
Ox

but @ o avpiston \ dv _ avpiston

A " dt ot
only local acceleration
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4.2

. dv _ Ov ov
b) aga|n. df = Ot —+ ’U%
ov

constant inflow velocity: v = vy — 5 =0
continuity: A(z) - v(x) = const.
1st derivative: a%@ v(r) + Alx) - =57 =0

X

since: V = vy - Ag = v(z)A(z)

vy dl - V%A(z) O0A
A(x) dt  A3(x)0x

— v(x) =
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4.3
The following continuity equation is formulated in cartesian coordi-
nates. p p 5 5
P (7 () w
il i P e —1 =0 (Eqg.1
dt+p 8:1;+8y+8z (Fa. 1)
U Vr
withv = v | = |y
w Vy

Transform the equation into
a) cylindrical coordinates

Hint: =z = r-coso r o= Wz + 9
Yy = r-sing ¢ = arctan (y)
Z = Zz Z = Zz .
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4.3
sperical coordinates
Hint: = = r-sin©® - cos ¢ r o= +¢:L’2—|—y2+z2
2 2
: . T +
y = r-8in® -sing O = arctanw Y
2z

Z = 7-c0s80 ¢ = arctan (y)
x



4.3

2-dimensional cylinder coordinates

X =TCOSQ :
Yy =7rsno :
T:¢x2+y2:

Yy
x

)

¢ = arctan(

Ox
or

o

= COS ¢ %g: —7 Sin @
= sin @ @%:frcosgb

2x

e

2y

2v/22+y2

2R 3R
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4.3

dp ou  Ov

continuity: i p(ax + 8y> =0

0 00r 006 9 0or 00

Dz ordr  060r Oy  ordy 060y

d ddr ddo . dr d¢
_ @ a9 ho. =" _ 99
g drdt T doar Vo= g adue =Ty,

U = % = VUr COS  — Uy SIN ¢

v = %:vrsin¢+v¢cosgb
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4.3 continued

) Ov
% = %%4—%% (Q(%COS¢ 52 sin @) cos p—

0B cos ¢ — vysin ¢ — 5 sin @ — vy c03 )

o v
% = %%—F%% = (aUTSIH¢+TCOS¢)Slﬂ¢+

Ov

_i_cosqb<8v¢ sin ¢ + vy cos ¢ + 50 ¢ COS ) — Vg Sin ¢)

}-\

(sin ¢* + cos ¢?) =

() =0
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4.3 continued

Final result:

dt or r r o
dp 10 16V¢ o
e T Prae ™ P gy T
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An incompressible fluid with the viscosity 7 is flowing laminar and
steady between two parallel plates

4.4

The flow is radial from inside to outside.
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The determining differential equations in cylindrical coordinates are
Lalpro) | 1dpve) | dlpus)

r  Or i r 00 i 0z !
Ovy ve Ovy U(% Ovr| Op 0 (1 9(r v
"o T rae T o T e ‘&*Wm@&ﬂ

_I_

1 0% vy 2 Ovg N 0% vy
r2 902 r2 00 022

Simplify the equations for the flow problem described.



4.4

Stromungslehre

1 O(p r vr) n

r  or

p = const.
—

Ldlpve) | Apvs)
r 00 0z
radial radial flow

symmetry parallel plates

or vr) — 0 | Continuity
or
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4.4
radial radial parallel continuity
A /
Ovy v Ovy  v§ dvy)  Op (a (1 a(r vr))
pvrﬁrJrr@@ r+vz3z N (97“+7787“7“ or
. 1 o7 2 0 2
symmetr Ur vo | 97y
g g i r2 002 r2 00 i 32’2)
/ /
symmetry symmetry
2
— eré’vr — 8p+778 VT | radial momentum equation
or or 0z
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The Navier-Stokes equations for unsteady, incompressible flows in
graviational field read:

4.6

V-v =20
g7
pdz — —Vp + VT + pg
Formulate the equations for a steady, frictionless, twodimensional
flow in a cartesian coordinate system (z, y).

continuity: V-7 = (8 8) (M Ou  0v _

ox’ Oy U>:6:C+8y_o
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4.6
momentum: frictionless: n =0
-direction: du_ _Op +
(EM’ +u8u+vﬁu)__(9p+
e =0T Yor Ty T Top PO
. do op

y-direction: P = ~ay + 19,

ov ov ov Op

P(alzo tus T U(f)—> " oy + P9y
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example

The continuity equation and the Navier-Stokes equations are given:

Ny v ° U — O
5 Dt tov?)
WI T - . 6’& av _2 av § v . .

The equations are to be simplified for:

1.) steady flows (9, = 0)

ike 1.) and inkompressible flows (p = const)
Ke 2.) and with constant viscosity (n = const)
Ke 3.) and frictionless flows (n = 0)

2)
3.)
4.)
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example

continuity equation
1. Bter(V-U):O:gQ 5'9 %QerngrpgT:O
= Opu) L OP0) — 0 45 V- (p7) = 0
2.(=3.=4.) V:-(pv)=0 = pV-v=0 & V- v—()Her

= ()



eeeeeeeeeeeeee

Institut und
Lehrstuhl fiir
I Stromungslehre

’R\Nﬂ'l

Navier-Stokes / momentum equations

1.V - (pid) = —=Vp—V T +p§

2w Ou’ 4 Ouv
2.V - (ptt) = pV - (¥0) = pV - o | =p gaj %,
uv v uv + ov
Jr T Oy
0 0 0 0
_|ulGy +gy) Tugy tog, | o). 5
=Pl Ou | Ov v v | — (T-V) -0
v(ge +3y) T ugs + vy
ou ou |, Ov
L= —2N5, —MNg, T gz
with 7= oz 10y * 00)

—n(GE+ 98—
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example
0w |, O Ou , Ov 0%u | 0%u , 0%
3. -V 7= 2502 T oylay T or) _ 2002 T g2 T 90y
: n 0 (Qu | Qvy | 90" u | 0%y | 50"
Ox\dy ' dx/ "~ 0y drdy * 9z T “0y?
d Ou , O 02 02
oxox T ay) + 9.2 T 2 2 = -
=N 9 0u . dus . 9P o | =NV T (=nA-0)
+35,) T 50+ %59
ay\0r * ay) T a2 T oy

= Navier-Stokes equations: p(7- V) -7 = —Vp+nV2- T+ pg

4.n =0 = Euler equations: p(v- V) -7 = —Vp + pg
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The Navier-Stokes equations for incompressible fluids are given:

—

.
p((;ﬂﬁ-v)v) =pG— Vp+nVii (1)

1. What is the physical meaning of the terms? What is the difference
between the terms of the left hand side?

2. 1s .
dv

P = pG— Vp+nV4 (2

equivalent zu (1)? Give reasons for your answer.
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Basic equations, operators

3. Write the following terms in components for the 3d cartesian space:

(a) Vp (€) VZ-Sﬁ*)
(b) (5- V) (d) V7o
(e) Vu

4. Proof that the following expression is equivalent to (1):
(c%

o[+ <w>)—pg Vp+ Vi (3

5. Proof the following identitites:

(a) rot(grad ¢) = 0 oo
(b) div(rot ¢) = 0 (€) (7 V)T =7- (VD)
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Basic equations, operators

1.)

Q%? . local acceleration in an unsteady flow
o(v - V)U : convective acceleration
0q . gravitation, volume forces
—Vp . pressure force
nv% . friction term in an incompressible flow with constant »
2.)
Yes, since
dd 0
—=—+4+(v- V)
i o TV

d—@_a@+a@d$+a£@+a£% dﬁ)_(%)_F(@’ V)?}’
dt Ot Oxdt Oydt Ozdt dt Ot
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Basic equations, operators

3.)
a)
Op/0x
Vp =gradp = | dp/0y
Op/0z
b)

o o o o |
(UV)U—(U&E‘I—Uay—I—w@Z) v

uaiglf + ’Ua@ + waiz
v Ov Ov
w w w

V is an operator, not a vector: (v-V) AV - v




Basic equations, operators

C)

V - (00) = div(a!)
u2 uv uw

— V. | w v? vw

uw vw UJ2

ou? . Oww |, Ouw
gr T 0y ME

_ %@fcv_|_3v2_l_6vw

oy 70?2
Juw , Ovw |, Ow
or T Jy T 02
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d)

VG = AU

onedimensional (scalar)

vector

LaPlace-operator

Fd e 9o
2

OP=AP=——+ 5+ -+
v 01?2 " Oy? " 022
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Basic equations, operators

4) (1-3): (v- V)7 — V - (70) = 0

0 J 0 ou® | dwv | Ouw
“ﬁ*”gﬁ*wgg or Ty Tz
v U v | _ | Quww | Ov® | Ovw
Yor T 0oy T 02 or T oy T 0z
w w W
gy TVgy tWaz ) | G4 05w 4 O

6'& a’l} 6w
Ugy + gy T Uz
_ U%+U%+U%§ —H(V-%) =0  cont

u v W




Basic equations, operators

S)

rot(grad(®)) =V x (Vo) =

div(rot®) = V - (V x )

0/0x
0/0y
0/0z

0 0D, 0D, O 0D,

:8x<6y B 8z)+8y

<:6z a

ox

0D
0d/0x Oyoz
0D/0y | =| &2 _
0d/0z Z?%?__
Jy0z
0b, 0Py
T 0
V - 0 :I:_(?q)z
&, &
or oy
0D, 0 00, 0P,
>%_6z(€h3__ oy

<l
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Basic equations, operators

5C)
du Ov Ow \\!
N i G bu
(0-V)U=0-(V0) = |(uvw)- |5, 5, 9y || =
ou Ov Ow
0z 0z 0z
ou ou 0
ou %g gu ugy + g, T W

0 0 0 — —
oy dy oy | (uvw) = u%—kv%%—w% = v - (V)
ou Ov Ow ow ow ow
§z 0z 02 Upy TV, TWh




