
Computational Fluid Dynamics I

Exercise 8

1. Formulate for the discretised Poisson equation

ui,j −Θx(ui−1,j + ui+1,j)−Θy(ui,j−1 + ui,j+1) = δ2fi,j,

Θx =
∆y2

2(∆x2 + ∆y2)
, Θy =

∆x2

2(∆x2 + ∆y2)

(a) the Jacobi–method

(b) the method of Gauß–Seidel point iteration with overrelaxation

(c) the method of Gauß–Seidel line iteration with overrelaxation

Check the stability of these methods with the help of the von Neumann analysis.



Computational Fluid Dynamics I

Exercise 8 (solution)

1. (a) Jacobi-method (ν is iteration counter):

uν+1
i,j = Θx

(
uνi−1,j + uνi+1,j

)
+ Θy

(
uνi,j−1 + uνi,j+1

)
+ δ2fi,j

stability, approach: uνi,j = uνexact,i,j + V νeIαi+Iβj, where uexact,i,j is the exact
solution of this equation, therefore

uν+1
exact,i,j + V ν+1eIαi+Iβj = Θx

(
uνexact,i−1,j + V νeIα(i−1)+Iβj + uνexact,i+1,j + V νeIα(i+1)+Iβj

)
+

Θy

(
uνexact,i,j−1 + V νeIαi+Iβ(j−1) + uνexact,i,j+1 + V νeIαi+Iβ(j+1)

)
+ δ2fi,j

where for the given definitions of Θx and Θy the terms uνexact,i,j and δ2fi,j fulfill
the original FDE and thus falls out, dividing by V νeIαi+Iβj then yields:

G =
V ν+1

V ν
= Θx

(
e−Iα + eIα

)
+ Θy

(
e−Iβ + eIβ

)
= 2 (Θx cos (α) + Θy cos (β))

with Θx = ∆y2

2(∆x2+∆y2)
, Θy = ∆x2

2(∆x2+∆y2)
and −π ≤ α ≤ π, −π ≤ β ≤ π

consider two cases:

2 (Θx cos (α) + Θy cos (β)) ≤ 2 (Θx + Θy) = 2

(
∆x2 + ∆y2

2 (∆x2 + ∆y2)

)
= 1

2 (Θx cos (α) + Θy cos (β)) ≥ 2 (−Θx −Θy) = 2

(
−∆x2 −∆y2

2 (∆x2 + ∆y2)

)
= −1

−1 ≤ G ≤ 1

Thus the Jacobi–method is stable.

(b) Gauß–Seidel point iteration with overrelaxation
(ũ is intermediate value):

ũi,j −Θx

(
uν+1
i−1,j + uνi+1,j

)
−Θy

(
uν+1
i,j−1 + uνi,j+1

)
= δ2fi,j

uν+1
i,j = uνi,j + ω

(
ũi,j − uνi,j

)
or

uν+1
i,j = uνi,j + ω

(
Θx

(
uν+1
i−1,j + uνi+1,j

)
+ Θy

(
uν+1
i,j−1 + uνi,j+1

)
+ δ2fi,j − uνi,j

)
with ω > 0 and the order of calculation i = 1, · · · , im and j = 1, · · · , jm for
uν+1
i,j



stability, approach see above:

V ν+1

V ν
= 1 + ω

(
Θx

(
V ν+1

V ν
e−Iα + eIα

)
+ Θy

(
V ν+1

V ν
e−Iβ + eIβ

)
− 1

)
with c = Θx cos (α) + Θy cos (β) and s = Θx sin (α) + Θy sin (β)

⇔ G =
V ν+1

V ν
=

1
ω
− 1 + c+ I s
1
ω
− c+ I s

⇒ |G|2 =

(
1
ω
− 1 + c

)2
+ s2(

1
ω
− c
)2

+ s2
=

1
ω2 − 2

ω
+ 1 + 2

ω
c− 2c+ c2 + s2

1
ω2 − 2

ω
c+ c2 + s2

with the condition |G|2 ≤ 1:

⇒ 1− 2

ω
+

4

ω
c− 2c ≤ 0 ⇔ ω − 2− 2c (ω − 2) ≤ 0

⇔ (1− 2c) (ω − 2) ≤ 0

because of Θx + Θy = 1
2

the value of c is between −1
2
≤ c ≤ 1

2
, therefore the

expression in the first bracket is 0 ≤ 1 − 2c ≤ 2, consider the adverse case
(1− 2c) = 2, then

⇒ ω ≤ 2

Thus the Gauß–Seidel point iteration with overrelaxation is stable for 0 < ω ≤ 2.



(c) Gauß–Seidel line iteration with overrelaxation:

−Θxũi−1,j + ũi,j −Θxũi+1,j = Θy

(
uν+1
i,j−1 + uνi,j+1

)
+ δ2fi,j

uν+1
i,j = uνi,j + ω

(
ũi,j − uνi,j

)
with ω > 0 and a line iteration in i-direction and the order of calculation j =
1, · · · , jm for uν+1

i,j .

stability, approach for uνi,j see above, ũi,j = uexact + Ṽ eIαi+Iβj :

⇒ −ΘxṼ e
−Iα + Ṽ −ΘxṼ e

Iα = Θy

(
V ν+1e−Iβ + V νeIβ

)
V ν+1

V ν
= 1 + ω

(
Ṽ

V ν
− 1

)

⇔ Ṽ

V ν

(
1−Θx

(
e−Iα + eIα

))
= Θy

(
V ν+1

V ν
e−Iβ + eIβ

)
Ṽ

V ν
=

1

ω

(
V ν+1

V ν
− 1

)
+ 1

⇔ G =
V ν+1

V ν
=

(
1
ω
− 1
)

(1− 2Θx cos (α)) + Θy cos (β) + IΘy sin (β)
1
ω

(1− 2Θx cos (α))−Θy cos (β) + IΘy sin (β)

⇒ |G|2 =

((
1
ω
− 1
)

(1− 2Θx cos (α)) + Θy cos (β)
)2

+ Θ2
y sin2 (β)(

1
ω

(1− 2Θx cos (α))−Θy cos (β)
)2

+ Θ2
y sin2 (β)

with the condition |G|2 ≤ 1 it follows:

⇒
(

1

ω2
− 2

ω
+ 1

)
(1− 2Θx cos (α))2 +

(
2

ω
− 2

)
(1− 2Θx cos (α)) Θy cos (β)

≤ 1

ω2
(1− 2Θx cos (α))2 − 2

ω
(1− 2Θx cos (α)) Θy cos (β)

with c = Θx cos (α) + Θy cos (β)

⇒
(

2

ω
− 1

)2Θx︸︷︷︸
≤1

cos (α)− 1


︸ ︷︷ ︸

≤0

(1− 2c)︸ ︷︷ ︸
≥0

≤ 0

With 2Θx cos (α)− 1 ≤ 0 and 0 ≤ 1− 2c ≤ 2, the expression in the first bracket
has to be 2

ω
− 1 ≥ 0

Thus the Gauß–Seidel line iteration with overrelaxation is stable for 0 < ω ≤ 2.


