Computational Fluid Dynamics I

Exercise 8

1. Formulate for the discretised Poisson equation
Uij = Op(Uim1j + Uis1) = Oy(Uijo1 +uijp) = 0% fij,
Ay? Ax?
o= B g At
2(Az? + Ay?) 2(Ax? + Ay?)

(a) the Jacobi-method
(b) the method of GauBi—Seidel point iteration with overrelaxation
(c) the method of GauBi—Seidel line iteration with overrelaxation

Check the stability of these methods with the help of the von Neumann analysis.



Computational Fluid Dynamics I

Exercise 8 (solution)

1. (a) Jacobi-method (v is iteration counter):

1 2
up it =0, (uflyj Fuf ) + Oy (ufy +uyy) + 6%

stability, approach: u}; = Ug,4e;; + Vvelott Bl where Uepaer; is the exact

solution of this equation, therefore

v+1 v+1 Tai+IBj __ v v ITa(i—1)+I8j5 v v, Ta(i+1)+I185
uemact,i,j +V € = @m (uexact,i—l,j + Ve + Ueract,it1,j + V% ) +

Toi+15(5—1 Toa+16(5+1 2
631 (uZwact,i,jfl + Vlje e tIBU-1) + uZxact,i,j+1 + Vl/e oAt 1B )) + 6 fi:j

where for the given definitions of ©, and ©, the terms u and 02 f; ; fulfill

exact,i,j

the original FDE and thus falls out, dividing by V*e!®*17 then yields:

Vu—f—l
G = T O, (e +e') +0, (e +e'P) =2(0, cos () + O, cos (B))

. A2 2
w1th@x:2(Ax2—iAy2),@y:2(Am%—iAy2)and—7r§a§7r, —7T§ﬁ§7r

consider two cases:

2(0, cos () + O, cos (8)) <2(0, +0,) = 2<2Agx2—|—Ay2)):1

(Az? + Ay?

—1

2 (O, cos (@) + Oy cos (6)) 2 2(-0, —©,) = 2 (2_(2; %_—252))

-1<G<1
Thus the Jacobi-method is stable.

(b) Gaufi—Seidel point iteration with overrelaxation
(@ is intermediate value):

~ v+1 v v+1 v _ 2,
Wi — O (“z‘—l,j + “z‘+1,j) - @y (ui,j—l + ui,j+1) =0 fm
v+1

v ~ v
uy it =l w (@ — uy)

or
+1 _ +1 +1 2
wi it =y w (0w ud ) + Oy (Wt +ul ) + 82 fiy —ui)

with w > 0 and the order of calculation ¢ = 1,--- ;im and j = 1,---,jm for
v+1

[T

Z7‘7



stability, approach see above:

v+1 v+1 v+1
v :1+w<@z (V ela—irelo‘) + 0, <V elﬁ—i—eI'B) —1>

Vv Vv
with ¢ = 0, cos (a) + ©, cos (f) and s = O, sin () + O, sin ()

vyt L 14T
s G = =&
| %4 %—c%—[s

, (E—1+40)+s L 2414224+
= |G|" = =+ 2 = T 2., .2 =2
(;_C) +82 o2 wC+C +3

with the condition |G|? < 1:

2 4
=1—-—4—-—0c—2c<0 & w—-2—-2c(w—-2)<0

woow

S (1-20)(w—-2)<0

because of O, + ©, = % the value of ¢ is between —% <c< %, therefore the
expression in the first bracket is 0 < 1 — 2¢ < 2, consider the adverse case
(1 —2¢) =2, then

=>w< 2

Thus the Gau3—Seidel point iteration with overrelaxation is stable for 0 < w < 2.



(c) Gauf3—Seidel line iteration with overrelaxation:

~ ~ ~ +1 2
—O,li—1j + Uiy — Oplizsr; = Oy (ul 1l +ul ;1) + 0% fij

1 ~
uyy =gyt w (g —ugy)
with w > 0 and a line iteration in ¢-direction and the order of calculation j =
1, jm for uy .

stability, approach for uf; see above, @; j = Uegpact + VeloitiBi

= —0,Ve 1V —0,Vel* =0, (Ve 1P 1 yrelh)

& —(1-0, (e’ +e)) =06 (VUJr e 1P+ elﬁ)
Vv T Y Vv
‘7 1 VI/+1
Vo ( v 1) .
- vt (% — 1) (1—20,cos (a)) + O,cos(B) + 10, sin (F)
Ve L1120, cos(a)) — O, cos (B) + 10, sin (B)
NE= (2 =1) (1 -20,cos (@) + O, cos (8))” + ©2 sin? (B)

(L (126, cos(a)) — O, cos (5))2 + ©2sin’* ()

with the condition |G|? < 1 it follows:

- (i _2 + 1) (1 —20,cos (a))* + (2 - 2) (1 -20,cos(a)) O, cos (B)

w? w

5 (1 =20, cos (a ))? — % (1 -20,cos(a)) O, cos (B)

€|>_\

with ¢ = ©, cos (a) + ©, cos (5)

2
:>(——1) 20, cos(a) =1 (1—2¢) <0
< >0

<0

With 20, cos (o) =1 < 0 and 0 < 1 —2¢ < 2, the expression in the first bracket
hastobe%—lZO
Thus the Gauf3—Seidel line iteration with overrelaxation is stable for 0 < w < 2.



