Computational Fluid Dynamics I

Exercise 1

1. Formulate the conservation of mass for a two-dimensional infinitesimal volume as
shown in the sketch.
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(a) Formulate the conservation equation in integral form and derive its differential
form.

(b) Formulate the differential equation in a non-conservative form.

2. Reformulate the conservative form of the 2-D Euler equations in Cartesian coordinates
into a form with the variables V = (o, 7, E)" and the substantial derivative %‘t/.

3. Derive the potential equation for compressible flow from the Euler equations under the
assumption of steady, isoenergetic, and irrotational flow (( = 0 = ds = 0 (Crocco’s

theorem) = Vp = %‘ Vo= Vp=a*Vyp).
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Computational Fluid Dynamics I

Exercise 1 (solution)

1. (a) conservation of mass:
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Alternative solution: use Gauss theorem

j{gﬂ ndA = /div(gﬁ)dT
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non-conservative form: @ +oV-T =0
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2. o+ (ou)z + (ev)y = 0 (mass)
(ou) + (ou® + p)s + (ouv), = 0 (x— momentum)
(o) + (ouv), (QU +p)y, = 0 (y— momentum)
(0E); + (ouE + up), + (ovE +vp), = 0 (energy)

Do
0t + upy +vo, + o(uy +v,) = 0<:>——|—QV

conservation of mass: Dt
r-momentum eq.. : ous + puty, + vy + ugr + u(ou), + u(ov)y +p. =
oUt + QUL + VU, + U (Qt + (ou), + (Qv)y) +p, =
=0 (mass—c?);servation eq.)
Du
0 Di Pz =
P
Dt px =
energy equation: oL + oub, + QUEy+
Eo; + E(ou), + E(QU)Q‘F(Up)x + (vp)y = 0
=0 (mass—;;lservation eq.)
DE

D+ (e +)) = 0

3. Derivative of pressure can be transformed to derivative of density:

P o o) op
Vp = ( z) _ (aiaﬁ) _ (aﬁaﬁ) — 8QVQ =aqa VQ a is speed of sound
0o Oy do Oy

Introduce potential ®:
v=Vo u=%o, , v=29o, dp = a*dp

Euler equations (2-D, steady for Cartesian coordinates) :

(ou)s + (ov), = 0
(QU2 "’p)m + (qu)y
(ouv), + (ov* +p)y = 0

ouuy, + u(ou), + u(ov), y tovuy +p; = 0 |- u

o

ouv, + v(ou), +v(ov)y +ovv, +p, = 0 |-v
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Replace u and v by potential ®:

guzCDM + ouv®yy +up, = 0 n
ouv®,, + QU2(I)yy +uvp, = 0

1
WPy, + 2uv®,, + 2Py, + E( up, +vp, ) =0

(2)ve =(2)-a*Ve

1 1
= u?®,, + 2uvd,y, + v2<1>yy +ua®= o, + an—Qy =0
0 0
with the conservation of mass UQy +V0y = —0Uy — 0Uy = —0Puy — 0Dy,

potential equation: (u? — a®)Pyy + 2uvd,, + (v* — aQ)(I)yy =0



