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Hydrodynamics

Continuity equation

\

A2, rho2, v2

f A1, rhot, v1 Stromrohre

Conservation of mass: p1v1 A1 = povoAs  Mass flux
mi ms

inkompressible fluid: (p; = po = const)

Conservation of volume flux :  v14; = 14>  Volume flux
Q1 Q2
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Hydrodynamics
Example
pipe flow: A = const
— <> __glosed stream tube
water jet

closed control volume
mi1 = Mo + ma
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Important: In the 1-dimensional continuit equation v is an average
value of the velocity. In reality v is not constant due to friction,
vortices, .. .!

Continuity

h
— — -
- —
vi — — -
e
X reality v ist constant
v = 9(y) in the continuit equation

mass flux must be constant

— [pv(y)dy = pvh
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Bernoulli

2.Newtonian law:

mass x acceleration = sum of outer forces
dv
m-—— =3 F,
dt ¢

Equation of motion for an infinitesimal element along one streamline
l g friction
pr\essure ‘
S dv Op dz
Z = s _ Rﬁ
/\\ /pdt . / pgds

inertia gravitation
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Bernoulli

along a streamline: v = v(s, t)

. ov ov
dv = 8tdt + asds

_, e ov  dsoy 0V oY
i ot dtos ot s

total -

(substantial) lokal acceleration

acceleration convective acceleration
of a particle
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example
Rohrstro
onrstromung Diffusor
) -
— ——— >
o v(x
Y e
— ——— >
— -
=
vi (t) V2(t) v0 = konst
A, p = konst

— vi(t) = va(?)

only local acceleration

only convective acceleration
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example

assumptions:
e incompressible (p = const)
e frictionless (R' = 0)
e Steady {% =0

e constant gravitation (g = const)

0 [% e v%} _ _Op dz R

= — = — pg%pv + p+ pgz = const
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pressure measurement

static pressure: p (Index: 1, 2, a, o0)
—_—

P

—>

p

Total pressure (pitot tube): pg, po1, P2, Pt

/
_ L .2
po = p + 3pv° + pgh <

at constant height Ah =0

— py = p + gpv°
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pressure measurement

potential pressure: p,o: = pgh

dynamical pressure: pg,, = 3pv

Kinetic energy is converted, when the flow is decelerated to v = 0

/
\
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Water flows from a large pressurized tank into the open air. The pres-
sure difference Ap is measured between A; and As.

6.4

A; =0,3m? As = 0,1 m?,

As = 0,2 m?, h=1m,

p =103 kg/m?, pa = 10° N/m?,
Ap=0,64-10° N/m?>  g=10m/s

Compute the
a) velocities vy, v9, v3,
b) pressures pi, po, p3 and the pressure p above the water surface!
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6.4

pressure tank with nozzle

h = konst.

gut gerundeter Einlass

T heSs

Venturiduse
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conservation of total energy along a streamline — qualitatively

P A

1/2 rho v3**2

rho g 1/2 rho v2**2

1/2 rho v17*[2

_ 1
Bernoulli: pg = p, + pgh = p; + 20’07;2



6.4

continuity (mass balance): = = m = pQ = const.

p = const = viA] = 1WAy = 13A3—=> A |=—= v 1= p |
a) measured Ap = p; —py  Bernoulli: p; + §v = py + Ho3

p
—> Ap = p1—py = 2(@%-@%) > ()

A9 p A3| 2 Ap m
v =v3—— —=Ap = Z |l ——5|v5 — vy = — = 12—
Ay 2 l A7 2 /0(1 _ (1541%)2) S
A A
711:1)22:4m v3:1)22:6m
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6.4

The Venturi-nozzle is used to measure mass- and volume fluxes!

Q = vA = UQAQ
prinziple:

e measurement of Ap
e computation of v
e computation of volume- and massflux



6.4

b) determination of pressures pg, p1, ..., p3
po represents the energy that can be converted into kinetic energy

P P P
poZPB+ﬂ9h=p1+2?f%=p2+QU%:p?ﬂLQU%

If we know one pressure, we can compute the other values by using
Bernoull’'s equation

ps in the exit cross section \

—»
—»

Assumption: parallel streamlines at the §
sharp edged exit
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equation of motion for an element

? ¢

p(x)dA

equation of motion in x-direction for a moving control volume
dAdzx (includes always the same particlesl)



equation of motion for an element
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m‘cl# = IpdAdr = p(z)dA — p(x + dx)dA

— ZpdAdx = p(x)dA — (p + %dm) dA

. )
— p¥ = —3b

Assumption: parallel stream lines
dx

— =0 velocity U= g =T

— necessary condition: & = 0 — 3¢ ap = (
— the pressure in the exit cross-section is function of y
flow into air: ?Z = —pg

Neglect the potential energy — pewit = Pambience = const.
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P3 — Pa
Remark:

Bernoulli: 0 — 3

pB + pgh = pa + Hpv3

— U3 = J%(pB — Pa + pgh)

open tank pp = pq,

e

vg = |2gh # f(As3)

theorem of Torricelli (15.0kt. 1608 - 25.0Kkt.
1647)
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6.5

Two large basins located one upon the other are connected with a duct.

(_._>._.h_ ..... n
[l [_Y_ v "h | lg

A=1m? A;=0,1m? h=5m, H=80m,

pa=10° N/m?, p =10° kg/m>, ¢=10m/s’

a) Determine the volume rate!
b) Outline the distribution of static pressure in the duct!
c) At what exit cross section bubbles are produced, when the vapour
pressure is
pp = 0,025-10° N/m??
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incompressible, frictionless, steady

— Bernoulli

a) volume flux: Q = vA = v5 A5

Bernoulli; 0 — 5

Pa + pgH = p5+ pg(—s) +

P
2

U3

computation of ps:
straight parallel streamlines
— pressure is constant

In the exit cross-section

— P5 = Pa 1+ PGS
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6.5

1
Pa + pgH = pa + pgs — pgs + 2PU§ — v5 = \29H # f(Ag, s)

. 3
HQ:AdU5=4ﬂ;

1 A A A g :
L] temouwz
AT ps=pasthogs

>y Lt ' . . : :
e o Y - S e N ‘ N ,I
: . :
: > ‘. :
. . . ‘. .
. . \ ‘

A1/2 rho Lh

: . ‘\Y /
>t : -
0 1 2 3 /4 \V\ s
rhogO ‘
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6.5

C) minimum pressure between 2 and 3: p» = p3 = pp
continuity: v Ay = v™ A

_ |
Bernoulli: p, = pp + pgh + va*
— h
s Ag=APETED o4y

pgH  H
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extended Bernoulli

rho = const.
A
A A,
v E— |
1 V2
Y
bottle neck

Delta h ~ Delta p

Theoretical volume flux: Q,, for frictionless flow

1. Bernoulli: p1 + gv% = po + SU%

2. Continuity: V1A = v9 A9
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extended Bernoulli

. A9 .
ratio of areas: m = y . — conti vy = vom
1
. 1 1
— Bernoulli: ©* + vdm? = P2, v3
p 2 o 2
- A
— o3 (1—m?) = 2P P2 _52P
p p
2\
p(1 —m?)
2Ap
— Q= AQJ
p(1 —m?)
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extended Bernoulli (Cont'd)

In reality losses from friction, vortices, bottle necks ... occur.
— the flow is no longer frictionless

The losses and the ration of aread are put together in the

- A
— I — o
I Qreal A2 p(l . m2)
i X J 1
I

o* from experiments
vortex, dissipation

losses in pipe flows can be predicted similar.
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extended Bernoulli (Cont’d)

pressure loss across a constructive element (ellobow, valve, .. .)

1
Apy = - QPUQ
Apy pressure loss

coeffizient: { = = .
‘ Jpv?  dynamic pressure

1 2Ap
VCyp(1 —m?)

(Experiments, standards — catalogue)

— v = — Q=v-A=
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Hydrodynamics: unsteady Bernoulli

assumption
A L]l — vy Ao ° |
AO 0 1 ht) o
vo 1S neglectable l
but h =h(t)and vy =v(t) L —T
unsteady Bernoulli from ”0” to ”1”
P 2 P 9 1 Ov
Da T 2?]0 (t) + pgh(t) = Pa T 2?}1 (t) —|—({[)atd8
Assumption vy (t) = |2gh(t)
L . dh
continuity equation: v((t)A; = —thO

— differential equation for fir h(t)
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Hydrodynamics: unsteady Bernoulli

“well rounded” inlet

assumption:

7T82
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Hydrodynamics: unsteady Bernoulli
Potential flow without any losses — Bernoulligleichung
Ly ~D/VR g L9 —D/\/R D? L
/ Yds = / U(S)ds + s = / O |um S lds+ %ds
— 0 t — 00 at —D/\/g at — 0 at 27TS —D/\/g at
duvy (t) ~P/V8 D? dv(t) L
— vi(t) [ o ds+ vi(t) | ds
dt —00 83 dt —D/\/g
D D d?)l (t) ( D ) d?)l (t)
(\/§ e \/é) dt Va2 dt

well rounde inlet

L
fL>D — /a:dS:L-dUaléw
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2 3

-3 N

L, h4

0 1 k A Y
|

L=20m>D, L1 =5m JAR g
h =5m " o

p =104 g =107 L

Example: duct from a big tank

m

=Y

S

a) At what time after the immediately opening of the flap the flow rea-

ches 99 % of its final value?
b) At that time, what is the difference between the current pressure and

the final pressre at point “A”?
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Example: duct from a big tank

. 540
a) Bernoulli: pg + pg(h + ) = pa + pgs + gm +p / ”ds
S40v dvy
well rounded inlet: [ ——ds=L—-
/ oot T at
d d
— pgh =i+ Lot Fat=1"
2 dt g _ 2
v4
Integration
0.99v2gh
T =2L | .
0  2gh —vj
7 V2T + vy 0.99y/2gh
| = 10.6 s

= n
V29h  \/2gh — vy,
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Example (cont’d)

the accelerated initial flow is dependent of L,
but v4(t — oo) is independent of L.

b)
dvy

0
Pa = pa+ pghy + i+ Ly o

2

t%OOZpa:pA’OO_Fpghl_FgQgh

dv4 1 U%
froma) — = _|gh — =
) dt L 2]
— L N
pA—pAoo:pgh(l—O.QS)Q) (1—1) = 746 —
) L m
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example: moving piston
L/
g

D

_><_

h

y y
J X

A piston is moving in a duct: s = sq - sin wt

pe=1bar L =10m <« D h=2m 92108@2

so=0.1m p=10°" pp = 25002,

At what angular speed w the pressure at the bottom of the piston rea-
ches the vapour pressure pp?
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example: moving piston
5P Ov
Pa = pp + pgh + 2vp+p I 5705
Sp Qv dvp
sy K< L — | —ds=L—
! / ot dt
— 0 — pah 2 : 20 a2
pp = Pa — pgh + psow” | L sin wt 5 C08 wt

Ppmin = PD

\
4

PD =DPpmin atcoswt =0

:> w p—
psoL

~pp — pgh
Jpa pp—pgh oo

= (
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2 balloons are connected with a pipe of length L and the cross-section
A The pressure in the balloons depends linearly on the balloon volume.
V) Is the volume at ambient pressure.

P = DPa + C(V - W)
At ¢t = 0 one balloon is compressed by the volume AV'.

example: balloons
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example: balloons

a) Show, that the frictionless flow in the pipe is described by the equa-

b)
C)

Determine t
Determine t
Determine t

oons.

tion of oscillation

i+ Ku = 0.
ne eigenfrequency of the system.
ne maximum of the velocity in the pipe.

ne maximum of the pressure difference between the bal-

Given: AV, L, A, p, C
Hint:

e General Ansatz for the egation of oscillations

¥+ alr = 0:

x = Cysin (at) + Cy cos (at)
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example: balloons

a)
continuity for the balloons:

V= —uA Vo = uAd
Bernoulli (unsteady, frictionless)

0
L1 —p; =0 =
pLu + py — py (8t>
—> pLii+py — p1 = 0 p=pa+CV—-Vy)=p=CV
2C'A 20'A

— plu+2CAu=0=>1u+—u=0=> K= |——
pL oL
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example: balloons

b)
Vo(t) =V 40— AV cos (Kt) = Va(t) = AVK sin (Kt) = uA
AVK AV K 2C
= u(t) = 4 sin (Kt) = umaz = Y AVJ;
C)

’pQ o pl‘maaz — ’pLu|max

AV K? LAV
U = A cos(Kt)i\pQ—pﬂmM:p y K? =2CAV
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The flap at the exit of the water pipe (constant width B) of a large
container is opened abruptly. The appearing flow is without any losses.

6.6

Given: H, hy, ho, g, L : L >> hy
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6.6

Determine

a) the differential equation for the exit velocity vy
b) - the local acceleration

- the convective acceleration

- the substantial acceleration

L . . . -
at x = 5 when the exit velocity reaches half of its asymptotic final
value!

Hint: The computation of v(¢) is not necessary for solving this problem.
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Bernoulli from ”0” to ”3”

1
/pavdst(hl<<L)
0 Ot
2 Ov ho ho — Iy
— = Vo h = h
1/,()atds , v vgh : 1+ 7
dvy 2 ho dvo  ho L ho dvy
orz _ In %2 — o %
:>'Odt1/h1+h2—h1 W=y — M TP
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Introduce in Bernoulli

pa + pgH = pa + 503 + p %3 (L + L)

t—o00: gH — %v%e = 0= 1v3, = V29 H
local acceleration:

dvs h 1 2 h
ov v hy HS 9

b p— e p— _— p—
l ot dt h  l(vs=huvse, x=%) L[+ [
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convective acceleration:

h %, 1

V=97 g = —v2h2h2
%, 2 hs dh dh ho—h
bk_v@:?z}:__v3h2daz ) dr — 2L1

_ 4 9 H IS (M=)

bk(?%:% V3¢, 2=5) L (hy+ho)?
substantial acceleration:
3 gH h H h3 (hi —h
bS:bl+bk: g 2 _|_4g 2(1 2)

2L+ L hi+ ho L (hy+ hy)’



