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Fluid Mechanics

* Fluid Mechanics is concerned with the behavior of fluids at rest and in motion

® A Fluid can be defined as a substance which can deform continuously when being
subjected to shear stress at any magnitude.

* In other words, it can flow continuously as a result of shearing action. This
includes any liquid or gas.

® A gas is a fluid that is easily compressed. It fills any vessel in which it is contained.

® A liquid is a fluid which is hard to compress. A given mass of liquid will occupy a
fixed volume, irrespective of the size of the container.

* If a fluid is at rest, we know that the forces on it are in balance.
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Fluid Mechanics
— -
Hydrostatics, aerostatics Aerodynamics, hydrodynamics
Compressible fluids Incompressible fluids
Gases, density p depends on p,T: p = p(p,T) Liquids, density p is constant
Newtonian fluids Non-Newtonian fluids
Viscosity n is constant Viscosity n depends on du/dy
T Newtonian fluids:
' oil (15°C) water (15°C) Water, air, oil |1

Bingham plastic: Bingham plasti

tooth paste, mayonnaise

ewtonian

Dilatant fluids: Fluid

corn starch

pseudoplastic fluid
(shear thinning)

water (40°C)

Pseudoplastic fluids:
lava, ketchup,

air (15°C) whipped cream

du
dy

fatantflid ~~ du
(shear thickening) dy
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* Quantities concerning the fluid
= Density of the fluid P
= Dynamic Viscosity n
= Kinematic Viscosity V= 7]/,0
= Specific heat capacity Cp
® Quantities concerning the flow
= Velocity field ﬁ(x, Y, 2, t)
= Static pressure p
=  Temperature T
= Shear stress tensor 7:-
® Tensors
Rank O: scalar Rank 1: vektors Rank 2: dyadic
T,... =2 T 5 T
b, P y F, v, I, .J, y Ty

shear stress sensor
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® Tensors
= Rank O: scalar Rank 1: vector Rank 2: dyadic
T,... o5 T 5 a
p, P, ) F, v, 1I,... o s T oo

stress tensor

e Scalar — vector = vector

. b, ab,
ab=a b, = ab, =C
b, ab.,

* \ector — vector - scalar (scalar product, dot product)

g-b= (az,ay,az)- | by | =azbs +ayb, +a.b, =c
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® Vector — vector - vector (curl, cross product)

. (4 ] k aybz _ azby

* Vector — vector - dyadic/second rank tensor

. b, azby azb, agb,
ab = (ag,ay,a,) | by, | = aybs ayb, ayb, | =c
b, a,by, ab, a,b,

* \Vector — dyadic - vector

_ b:m: ba:y ba:z axbxa: + aybyaz + azbzaz
a-b=(ag,0y,0z) | byz byy by | = azbsy +ayby, +a.by
bzw bzy bzz aazbwz + aybyz + azbzz
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* Differential operators (in cartesian coordinates)
= Nabla operator

0/0x
V=1| 0/0y
0/0z
= Laplacian operator 82 82 82
A=V’=V.-V=

+ o5+ 53
oxz?  0y? 022
e Differential operations using the Nabla operator

= Nabla operator — scalar - gradient

Op
; Op Op Op.r
d — — op o
graap Vp % ((‘M’@y’@z)
0z

= Nabla operator — vector - divergence

ou N ov N ow
or Oy 0z

divi=V .7 =
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= Nabla operator — vector - curl (cross product)
w _ v
8y 8,2
rotv =V X v = ,,;:,
%_U _ gu
e Differential operations using the Laplacian operator
8 U
, 82]9 82]9 821? 89@2 + + 022
Ap =V-=p st 25+t 55 AT = 8x2+ +822
- Oz oy 0z

92w
8x2 + 8y2 0z2

e Second derivatives

Divergence of gradient
rot (grada) = V x (Va) =0
Divergence of curl

div (rot ) = V - (V x @) = 0

Curl of curl

url of cur ow oo
u Oy 0z 1

Ux (rotd) = v | x| -2 :§V172—(17-V)17
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Derivatives

e Total derivative of a function f(z,y, z)

f of of ..
df = By —dy + — 8z

* The total derivative describes the increase of a function

d:z:—l—

= Total derivative

v=ut,x,y,2) — du= ?dt %dfc—l— g—Zdy—i— %dz dt

= Substantial derivative

dvi O0v 0v dr 0V dy 0V dz

@t ot ox dt +8y it "oz @t
~— ~— ~—

local

~ N
dt Ot Ox oy 0z
—~— N _

substantial convective
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e Continuity equation
dp Op dp  O(pu)  O(pv)  I(pw)
— L U) = —_— U) = — + + — O
7 +p(V-9)=0 5 + V(p?v) =0 o 97 9y 5
* Navier-Stokes equations
o, s = ov S =
5¢ (PO + V- (pu0) = =Vp =V T +pg| |p( =+ (0- V)T ) = =Vp =V T +pg
dU s
— = —Vp—V T +pg
P dt p +pg
* Energy equation
dT dp =
— =—-Vq¢+ —+7-Vv
PCp 7 q+ dt+ v
* fluid-mechanical properties
= Density of a fluid P = Velocity field 17(56’ Y, 2, t)
= Dynamic viscosity n = Static pressure p
= Kinematic viscosity V= 77/,0 = Temperature T
= Specific heat capacity Cp = Stress tensor 7:- 10
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d
e Steady flow — =0 not — =0
ot —dt
* Incompressible flow p = const.
S trical fl 0 0
e Symmetrical flow — =
Y 09
e frictionless flow n=0 v=0 A=0 | (: heat conductivity)
. | 0 .
e 2-Dimensional flow — =0 w=0 (reduced number of equations)
0z (reduced number of derivatives)
* fully developed flow 2 —0
Ox

11
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= Basic quantities

Volume flux

Mass flux

Momentum

Kinetic energy

« Simplified equations

=  Continuity

= Momentum

= Energy

oV

—_— = — :A
5 V=0 v
Q-p=m
m-v=1

1

§m UZZE
m=p-v-A

I =m- v

2

mz‘n — mout
jin_jout+zﬁ20

1
—,0-122+p—|—p-g-z=const.

12
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Streamlines and pathlines

e Streamlines and pathlines

A p, V. .
‘ T pathline

streamline
streamtube

e Steady and unsteady flow

= Steady state flow: A flow is said to be in steady state if the flow field is only a function of
position (X, y, z) but not of time t:

0

EZO 6:6($7y72)7 p:p(m,y,Z), p:p(x,y,z)

Examples: airplane at constant speed, pipe flow, most technical applications if the boundary
conditions are independent of time or the changes in time are very slow (quasi-steady)

= Unsteady flow: if the flow field is both a function of position (X, y, z) and time t, the flow is
said to be unsteady:

0 L o
a#o U:U(t,$,y72), p:p(t,x,y,z), p:p(t,x,y,Z)

Examples: start-up procedures, flow in internal combustion engines, bird flight, beating heart,...
13
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Streamlies and pathlines

® Streamlines: curves that are
instantaneously tangent to the
velocity
* pathlines: trajectories that
individual fluid particles follow
- In steady flow, the
streamlines and pathlines
coincide
eUnsteady flow:
pathline # streamline
* Steady flow:
pathline = streamline

streamline

* Motionless environment, constant velocity u of the object
* Unsteady flow for observer looking at the moving object
e Steady flow for observer moving with the object

* Eulerian approach: analysis is performed by defining a control volume to represent
a fluid domain which allows the fluid to flow across the volume. This approach is
more suitable to be used in fluid mechanics.

® Lagrangian approach: analysis is performed by tracking down all motion parameters
and deformation of a domain or particle as it moves. This approach is widely used
for particle and solid mechanics. 14
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Example |: task

® A piston is moving in a tube of infinite length and with constant cross section A with
the velocity v, ,,(t). The density of the fluid is constant.

pisto

——1— - — >

Vpiston(!)

N
/

Piston

® Determine the substantial acceleration in the tube.

15
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® Substantial derivative
dv  Ov N ov
S vV—
dt Ot ox
® Convective acceleration: continuity
ov
A(x) -v(x) = const. and  A(x) =const. > v(x) = const.> 9y 0
T

® |ocal acceleration

v o 8'Upi:ston

ot ot
* Hence: @ _ OUpiston
dt ot

- only local acceleration

16
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e A fluid of constant density flows into a diffuser with the constant velocity v = v,.
The cross section of the diffuser is A(X).

/

A(x)

A 4 v

\

* Determine the substantial acceleration of the fluid along the axis x.

17
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( Example I1: solution

e Substantial derivate:

dv _ov A Ov
dat ot " ox

® Constant inflow velocity:

—>(% 0
V=7 —_ =
0 ot

e Continuity and 1st derivative:

A(x) -v(x) = Ag - vg = const.

0A(x) ov(z) ov(z)  wv(r) OA(x)
dr o) + Alz)- oxr o or A(z) Oz
* Hence:
dv  Ov ov v(z) O0A(x)
pria TR e O <_A(x) O )
Ao Vo dv : A% aA( )
v(z) = A(x) dt A3(z) Ox

18
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Example 111: task

e An incompressible fluid with the viscosity n is flowing laminar and steady between
two parallel plates. The flow is radial from inside to outside.

12
Iy

<N

* The differential equations in cylindrical coordinates are:

L opro) L 0pve)  Opv:) _

r or r 00 0z
0, ve Ov, fug) 0, B Op 0 1 o(r fur
p(“T o T 7 90 _7+“Zaz> - T oo TNy
1 0% v, B 3 8L N 0% v,
r2 0032 r2 00 022

e Simplify the equations for the flow problem described above. 19
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e Continuity
1 Opru, n 1 Opvg 0pv, orv, 0
r or QHJ 0z or
p:CO’I’LSt. radial flow parallel plates

* Radial momentum equation, left side

avr (Ue) 0
Dk 74

U@—O U@—O
0
%—O

* Radial momentum equation, right side

G

orv,.
or ¥

U,

(%r__@Jr 0% v,
por or  Or g 022

1 @2/
T.Qﬂ@Q

’0920
0
%—O

20
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( Example 1V: task

* The Navier-Stokes equations for unsteady, incompressible flows in a graviational

field read:
V-v =20

dv . S

p = —Vp + VT + pg

* Formulate the equations for a steady, frictionless, two-dimensional flow in a
cartesian coordinate system (X,y).

21
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e Continuity:
o 0 U ou Ov
V U _— s~ )" = |— _— = O
v (333 8y) (’U) 6$+8y
* Momentum equation, n=0 (frictionless)
dv Vp + n\20 + pg dv Vp + pg
[— — () EE— e J—
P p y/ Pg > P p + pg
* Momentum equation, x-direction
du Op

PE - + PG9x

at Vo T ar " Vay) | P\"ar Tay) T Tar TP

* Momentum equation, y-direction
dv  Jp N

v _ (0y7 Ov Ov (u@+?}@)__@+
at PN T ez Ty ) | P\Mer T Vay) T Tay TP

22
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* The continuity equation and the Navier-Stokes equations for two-dimensional flows
read:

0 —
aptv + V- (ptv) = =Vp =V 7T +pg

nlll
|

—2n%% + 3n(V - 0) —n(ay + 2—)
5n(V

—n(ge+52)  —2n%.

- 0)

* The equations are to be simplified for:
= Steady flows,

= Steady and incompressible flows,
= Steady and incompressible flows with constant viscosity

= Steady, incompressible, and frictionless flows.
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e Continuity:
dp . op op op ou ov
il V- -7)=0 _r - - — — =0
a TPV ot "ax "oy P TPy
= Steady flow:
0 op op ou ov
ot ey —H)@y —l_p@a? +p8y
d(pu)  9(pv) .
Steady and incompressible flow:
90 p=const
5 p = const.
V-(pt)=0 p-V-9=0 V-7=0 0u+8v:
or Oy
= Steady and incompressible flow with constant viscosity (also n = 0 / frictionless):
0 ou Ov
— =0 p = const. 42—
ot Ox * oy 24
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( Example V: solution

* Momentum equation:

agtv + V- (pi0) = =Vp—V T +pg
= _ ( —2ng% + 30(V - ) —77( 4+ 50) )
—n(ge +32) 205 + 3n(V - )
= Steady flow:
gt 0 V- (ptt) = —=Vp =V T +pg

= Steady and incompressible flow:

0 =0 = t
pri p = const.
Left side:
2 ou? duv
B B uc  uv B 5o T By
V- (pvt) = pV - (U7) = pV (uv 2 )—p( bur %_1§>

25
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= Steady and incompressible flow:
Left side (cont‘d)
2 ou? duv
- - Ut U i
V-(pvv)zpv-(’vv):pv-(uv Uz)p(afv aﬁ)
guv 4 gU
ox Oy

Ou? Ouv ou v Ou u

p<833 T 8y2>p<u(§x+gy)+ug‘”+vgy>P(U'V)'ﬁ
Juv dv = o oz ay

oy 0 V(FE + Z2) + uge + v

V- (pvv) = p(v- V) - U

Right side:
_ = 205+ 3n(V-0)  —n(5E+ 32
_v _ v T _|_ - T — Ox Ny 2 v v 8y ox .
b = ( -n(5y +35)  —2ng; +5n(V-0)
7 — - [ gt (g ae)
Vv 0 T ou Ov Y ov
-5y +32) 203,

26
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Steady and incompressible flow:

p(T-V)-T=—=Vp—V T +pj

il

(5 + 52)

ox

< —2772—2—#

Steady and incompressible flow with constant viscosity (n = const.):

—n(5e + 52)
ov
—2n3

0 =0 = t = t
o p = const. 1N = const.
Left side: p(’l7 . V) -V (no changes)
Right side:  —Vp — V T +pg
_ _28_U_|_ _(9u + Ov 28 U
V 7= nv ou o ov (3y2 81}833) = =1 83x2
—(gy ta) 25 5
9*u | 0%u 9*v 9 (Ou | Ov
_ 2W+ag2+8x8y _ 3x(3x+8y
T 22w 8% 90% | T T 8 0w o
ey T 02 T 2552 5y as T By
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Example V: solution

Steady and incompressible flow with constant viscosity (n = const.):

9 (Ou | Ov 9%u | 9%u

. %(%"’a_y)_'_ Oxr2 —|— 8%’2
n g(@_i_@)Jra%Jrav
Jy \ Ox Jy Ox? Oy?

):—UVQ-Q_J):—?]A-ﬁ

p(U-V) -0 =—-Vp+nV? -0+ pg

Steady, incompressible and frictionless flow (n=0):

9 s g0
o p = const. n =

p(v- V) -7 =—-Vp++pg

28
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* Hydrostatics: mechanics of fluids in static equilibrium / fluids at rest

e Fluids: materials that are deformed due to shear stress
- A fluid starts to move if a shear stress is applied
- No shear stress in a fluid at rest

*® Hydrostatics:
= Fluids at rest are in stable equilibrium, the sum of all external forces equals zero
= Fluid elements are not moving or are moving with constant velocity

= Only normal stresses, no shear stresses

= Normal stresses are pressures (no internal molecular forces), the pressure on a
fluid at rest is isotropic
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* Derivation of the basic hydrostatic equation:

= All quantities (pressure p, density p,...)
are functions of the coordinate z: dA

-
p(z), p(z2),... El & .
dz
1
= Force balance equation for a differential
cube (Eulerian cube) l y P(z+d2)
g
S =0
pP(z + 1/2 dz)
p(2)dA —p(z +dz)dA—G =0 T l G|| =~
z
dz

G = p(z+ T)QdZdA
TP(Z)
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* Derivation of the basic hydrostatic equation:
= Taylor series of p and p: ~ 0
() = ple) + Laz+ TBE
Plemaz) =P T a2 2
dz dp dz  d?p 4%° ~0
P(Z‘F?):P(z)"'@?*‘%/d%"““
= Hence:
dp dp dz
A— Zdz— (p+ £ = A=
pd (p—i—dzdz (p—l—dz 2) dz)d 0
dp dp dz? dp
- — - — — — = —
ddedA pgdzdA a2 gdf{ 0 7 pg

~0

Integration for incompressible fluids in a constant gravitational field:

p = konst. g = konst.
dp —pg — dp=—pgdz —s p+ pgz = konst.

dz




Basic hydrostatic equation
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* Submerged objects that are either partly or completely below a free surface
(liquid-gas interface) or within a completely full vessel experience a force that
iIs equal to the weight of the fluid displaced by the object - buoyancy.

* Parallelepiped in a fluid with the density pg
p

RV,
z 4, PE h| ¢y y p(h —
1]
\
p(h+|)* } A
= Force F, in z-direction: F,= (plh) — p(h+1)) A
e Hydrostatic pressure: p(2) = pa + pr gz
— Fp = (pa + prgh — pa — prg(h +1)) A
F,=—prg A =|—pr gV = Fr|(ARCHIMEDES  PRINCIPLE)

volume



( Stevin's principle
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* The force on an arbitrary area A in the fluid corresponds to weight of the fluid
column above the area and the outer pressure multiplied with the projected area.

F=G+p,A
Pa

AVA

p lg

A

® Force on an object with the volume V

Fr, = paAp + pgVo — paAp — pgVu
@\,
A, av, =V, + v FL=pgVo—pgVu=—pg(Vu = Vo)
ay
A Iy = —pgV
Y
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Basic hydrostatic equation
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* Integration for compressible fluids

Assumption: perfect gas:

p P
RT
Isothermal atmosphere:
T =Ty = konst.
Hence:
dp
— = —pg—dp=—p(z
- = P9~ dp=—p(2)
Integration:
Pp1 d z1
/ dp _ / 9 4
Ppo p 20 RT
Inp; —Inpg = n 22— _
Po

__px)
gdz = T gdz
g9(z1 — 20)

RTj

08

06 T

02

L L
o 2000 4000

__gAz
p1 =poe FTo

Barometric formula

1
G000

1
a0oo 10000



( Balloon in atmosphere Alk
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* Atmosphere: perfect gas, density p depens on height z
= Perfect gas: 5
— — and = p(z S
p=Tr p=p(z) N
= Barometric formula: oo f T
22 _ & _ e_lg%%_’g 04 b —
po po 02
" Typical Values: DO ZDIDD JUIDD SL:DU 8(;00 10000
Az = 10m
Ty = 290K
Nm Az lg
R = 288——
v kgK
= Change of the density across the height of the balloon: cargo
z4+dz) — p(z _ _gAz _ p(z)
a ) =) _ R 11901073 | i
p(2)

= The change of the density across the height of the balloon is negligible
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Balloon in atmosphere

* Different types of balloons

= Rigid & open (hot-air balloon)

= Open - pressure balance inside/outside Pi = Pa

P,
= Rigid > constant volume V = konst.
= Open - loss of mass m # konst.

= Perfectely loose & closed (weather balloon)
= Perfectely loose - no forces across envelope P; = Dq
= Closed - no loss of mass m = konst.
= Perfectely loose > volume change V' # konst.

= Rigid & closed (Zeppelin)
= Closed - no pressure balance inside/outside p; 7é Da
= Closed - no loss of mass m = konst.
= Rigid - constant volume V = konst.

RO) B =6
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e A container is filled with a fluid of the density p. The drain of the container, filled up
to a height h, is closed with a hollow hemisphere (radius R, weight G).

g P g
1 —
h
o
g %
77

® Given: h,p, R, G, g

Pa R
S S 4 \V/

drain

* Determine the necessary force F to open the drain.

4

® Hint: volume of a sphere: V., = —TR3

3

lg
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‘ Example |: solution

® Force balance equation:

> F= ]

7
F - G —|_ F P — /
F=G-F, -

* The hemisphere is not fully covered with fluid:

Fp — Vhspwg - pwghAhs

4
ST R pug = pughm R’

2
F =G - pwgwRQ(gR — h)




Example 11: task
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* The sketched weir of length L seperates two basins of different depth.

) 4a R
lg _2a b,
v

S5a

2a

T T

* Determine the force of the water on the weir.

® Given: p, g, L, a, p,



‘ Example 1l: solution Alk
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® Surfaces: .
Y
1 —
. 4|
e z)

r 3 S
z ‘ ¥ 3
/S S S S S S S S
® Surface 1:
= Force on surface 1: F, = /d F, = /p (2’1) - L -ds
. . 21 d 21
= Coordinate transformation: g — : ds =
COS (¢ COS (X

= Forces in x- and z-direction:

Fiy, = Fi -cosw Fy, = —F]-sino
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e Surface 1:
= Force on surface 1 with tana = —
2a 2a
Fip, = [ cosap(z)- L = [ pgz1Ldzy = 2pga“L
COS (.
0 0
2a d 2a 4
z
Fi, = — /Sinap(zl) Y et T /tana - pgz1Ldz1 = ——pga2L
COS (¢ 3
0 0

e Surface 2:

e Surface 3:
4a 4a

Fs,. = —|—/p(z1) - Ldzy = +/pgz1Ldz1 = 6pga’L F;, =0

2a 2a



( Example I1: solution
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® Surfaces 4-5-6: o

= Volume
1 , D
F452_§:0 gCLL Fe. =0
5 25
Fas60 = _,092 ®.5a-L= —7,090/2 - L

e Sum of all forces:

9
F, = ZF“” = —§pga2L

7

Fiot = /F2 + F2 = 4.65pga’L
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Example 111: task

* A rigid, closed balloon has a mass of my (including payload) and is filled with gas
(mass mg, Volume V, and pressure p;). The volume V of the payload is negligible.
The temperature of the gas (gas constant R;) equals the temperature of the
isothermal atmosphere (gas constant R, temperature T,).

Pa
0 |

Po

® Given: g, V, Vy <<V, mg, my, Py, T; =T =Ty = const., R, Rg

e Determine the ceiling z,,,, ; of the balloon if the ballon must be tied to the ground
at sea level (z=0).

* When the balloon has reached the ceiling, a hole is punched in the bottom of the
envelope. Will the balloon rise or sink?

* Determine the new ceiling z.,,, , for p; > p.(Zax.1)
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* Ceiling
= Balance of forces, maximum height: Z F=0 Fo—Fg—Fny=0
= Lift: Fa = pr(Zmaz,1)9V
= Total weight: Fqg + Fn = (mG + mN)g
= Hence: Fa=pr(Zmaz1)9V = (mg +mpn)g = Fo + Fn
(ma +mny)
— ,OL(Zma,a:,l) —
v
= Barometric formula for a compressible fluid, isothermal atmosphere:
Z < __9% _ _ gz
pe(z) _ poz) _ e TLTo —  pr(z) =po-e FLTO
Po PO
= Thus:
9Zmax,1
(mG —l_mN) — p() . 6_ Ry Tg
V

= Finally:

ma + my 9Zmax,1 . RLTO VIOO
In _ T = — Rmazx,l — In
V,O() RLT() g mag + My
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e Will the balloon rise or sink?

= Case 1: p; > p, 2 mg decreases 2> z.,,, increases
= Case 2: p; < p, 2 Z,ax decreases

® Ceiling z,,4x > for p; > py(Zax.1), i-€., Ccase 1:

= The balloon rises and gas escapes from the balloon until a new equillibrium
(pressure balance) is reached at z,,,, ».

= Balance of forces: ZFZO — FA—Fc;,z—FNZO

= Lift: Fy = PL(ZmazL’,Z)gV
= Weight of the remaining gas: FG,Q = ,OG,29V

Pa L RLTO,OL(Zma:c,2) L RL

PG,2 = RGTO — RGTO — R_G,OL(Zmaa:,Q)
= Hence:
Ry,
pL(Zmaz2)gV — R_GPL(Zmax,Z)gV —Fy =0

( ) = _gznz%,z — |z = R 1o In Vpo : fe = R
PL\Zmax,2) — PO " € max,2 g my RG
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Example 1V: task

* A weather balloon with the mass m and the initial volume V, ascends in an
iIsothermal atmosphere. Its envelope is loose until the balloon reaches the maximal
volume V.

z

_ N\ NN\
® Given: p, = 10° N/m?, p, = 1,27 kg/m3, m = 2,5 kg, Vo, = 2,8 m3, V; = 10 m3,
R = 287 Nm/kgK, g = 10 m/s?

* What is the necessary force to hold down the balloon before launch?
e At which altitude will the balloon reach its maximum volume V;?
* Determine the ceiling of the balloon.



=
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" ( Example 1V: solution
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e Before start:

S F =0
ZFZ:FA—Fg—FN—FH:O

Fa=pr(z=0)Vog

Fn =mpg

Fo =mgayg

Fg=Fas—Fn—Fg=pr(z=0)9gVo —mng — mayg

Fy = | pr(z=0)Vo — (mn +mg) | g=10.6N

A\ v/
~"

m

e Altitude z; for maximum Volume V;:

= Envelope is perfectely loose and closed for V <V,
- no loss of mass, volume change

jYe:
RaTq

mqg = const. = pgV =

Fy

Fx

V  with pg =pi =Dpa
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Example 1V: solution
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= The ballon rises very slowly: 1T; =1,

Isothermal atmosphere - barometric formula

. nggTG 1

v

1

PG PG

Volume as function of heigt:

PL

P2 e v
! ; z2=20=0 —> V:VO-eRT%zvo
9 2=z — Vi=Vy- efg*fflo
Vo
| R; T V V
Z, s — 21 = Loln 1 _ o In —
g Voo pog  Wo
— |21 = 10.0km
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Example 1V: solution

® Ceiling:
= z<z;:withp, =pgand T, = Tg4

maRaT,
2<z1 — Fa=pVg= PL ¢ Ggg:const.

Ry e,
- The lift force on a perfectly loose, closed balloon is constant.

Fa(z < z1) = poVog = pr(z1)V1g = const.
= 7>2z,: V=V,=const.

2>z — FA(Z > 21) = pL(z)Vlg = FA(Z < Zl) '

_g9(z—=1)

Fa(z>2z1)=Fa(z<2z1)-e FELT

————————————————————————————————————————————

Zmazr = In = In
g m Pog m
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Biological & Medical Fluid Mechanics
03: Continuity equation & Bernoulli equation

Michael Klaas
Institute of Aerodynamics
RWTH Aachen University
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( Continuity equation

* Continuity equation = conservation of mass/conservation of volume flux:

' Az P2 Vv,

streamn

® Conservation of mass/mass flux:
p1v1 A1 = pava A
N—— N——
M1 Mo
® Conservation of volume flux for an incompressible fluid:

p1 = p2 =const. — viA] = vAs
N~ ~—~—
Vi Vs
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Continuity equation
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* Examples:
= Pipe flow: >V, _ Ay
Vo = V1q - A_
2

= \Water Jet: mi1 = Mo + ms3

* The one-dimensional continuity equation contains an average value of the
velocity. In reality, v is not constant due to friction, vortices,...
h

B E.
L E.
y‘ . >
Reality: U= ﬁ(y) One-dimensional continuity equation: U = const.(# ?7(y))

Constant mass flux: /pv(y) dy = pvh



¢ Bernoulli equation: derivation Alk
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® Derivation of the Bernoulli equation:

= 2nd Newtonian law: Mass X acceleration = sum of outer forces

m-g:ZFa

= Equation of motion for an infinitesimal element along a streamline:

LS
~ dv Op dz
- = =  _ -~ _ R
Z N " \ g N ”’ . t.
inertia pIessure  orgvitation Hemon
= Velocity along a streamline: v — v(s, t)
. aﬁdt N (%d dv ov N ds 0v ov N ov
vV = — —as > - = Y a_ — A, V45—
ot 0s dt ot dt Os ot ds
Total Local Convective

acceleration acceleration acceleration
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{ Bernoulli equation
= RWTH Aachen
® Pipe flow * Diffuser
vi(t) v,(t) v, Zf(t) v(X)
A -
—— —— ——
T
—— —— - — -
p -
-~ " — -
——
X =
* Only local acceleration ® Only convective acceleration
A,p =const. — p=-const. N A#const. —>
Ay
V1 (t %) t vir) = v -
) =v(t) (@)= 4o

e Simplifications:
= Incompressible fluid:p = const.

ov ov Op dz

=  Frictionless flow: R =0 o ‘
= Steady flow: 8/375 — (0 7 p[\ﬁlﬁ_/+v 88] -~ 0Os Pg ds ‘\f/
= Constant gravity: g = const. =0

N 0 = i SN 1 d_fUQ — d_p _ @ P2 _

" 9s ds 2" ds ds Pg ds — 2?} TP+ opgz = const.




Different types of pressure
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e Static pressure pPgs, P, PasP1s Poos - - -

PsPasP1yPoosy - - -

® Dynamic pressure (Prandtl tube)

Kinetic energy is

converted when the flow

iIs decelerated to v=0 l \
1 2

Pdyn — 5/0@ — P0 — Ps
e Potential pressure Ppot = pgh e Total pressure (Pitot tube) Po, Pt Ptot - - -
v
v —
1
hi po = p + spv° + pgh
° 2
Constant height (Ah=0):

1 Po

Po = p + 510’02



{ Example 1: Task Alk
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e Water flows from a large pressurized tank into the open air. The pressure
difference Ap is measured between A; and A,

e Given: A1 =0,3m?, A =0,1m? A3=0,2m? h=1m
p=10° kg/m>, p,=10° N/m?, Ap=0,64-10> N/m?
g =10 m/s*

* Compute the velocities v,, Vv,, and v,

* Determine the pressures p;, p,, and p; and the pressure pg above the surface.
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Example 1: solution

® Pressurized tank with well rounded inlet and sharp outlet:

PR * Venturi nozzle: a Venturi nozzle is used
) - to measure mass- and volume fluxes:

7 " U V:’UA:’UQAg

Lo = Measurement of Ap

h = konst.

= Computation of v,

= Computation of mass- and volume
flux

P A

- Bernoulli

L
p02p3+,09h=1?z'+§ﬂ%
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( Example 1: solution

* Continuity equation:
m = pV = konst.
p = konst — 1A = 1Ay = 1v1343—=> A |=—= v 1= p |

* Determination of the velocities v;, v,, and vj:

= Pressure difference:

Ap = p1 —p2
= Bernoulli equation 1 2> 2:
pﬂrgvf:pwrgv% — Ap:pl—p2=g(v§—vf)>0
= Hence:
A p A3l 2 Ap m
== = Ap = Z|[1-F|vd — vy = | = = 12—
V- (&)
= Finally:
A2 m AQ m
1}1—1}2—:4— ’U3—’02—:6—



Example 1: Task
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® Determination of the pressures p,, p,, and p; and the pressure pg above the surface.

= The pressure p,represents the energy that can be converted into kinetic energy:

pozpB-Fpgh:pl—l—gv%ng—l—gv%:pg—l—gv%

= If we know one pressure, we can compute the other values by using
Bernoulli’s equation
= Determination of the pressure p;in the exit cross section

= Equation of motion in x-direction for a moving control
volume dAdx (includes always the same particles)

I \ . m% = pdAdx - & = p(x)dA — p(x + dx)dA

...................... X,.'Z%:' — & — pdAdz - & = p(az)dA — (p + %dm) dA

p(x)dA

. 5
| X 9 — pi = -3
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Example 1: Task

Assumption: parallel streamlines at the sharp edged exit

—b
—_—

Velocity: u = d_x = X ‘
dt
- ) Op
Boundary condition: = 00— 9 =0
x

- The pressure in the exit cross-section is function of y

dp

Flow into air: — = —pg
dy

Neglect the potential energy: Pezit = Pambience = const.

1

2
5 PU3

Lov? +
— 00U = a
PU3 p 9

2

2
V3 = \/; (pB — Da + pgh)

Bernoulli 0 > 3: pg + pgh = p3 +

Open tank: pg=p, > U3 = V 2gh # f(AB) (Theorem of Torricelli)
(15.10.1608 - 25.10.1647)
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Biological & Medical Fluid Mechanics
04: Momentum equation
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gf Definition Alk
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* Momentum equation = vector equation of motion for a continuum
3, dI L L.
= Steady flow:  — =0: - = Apv(v-n)dA:ZFa = F,+ Fy(+Fr) + Fs

® Pressure force:

F, = / —mpdA - .
A

= Volume force (incompressible flow, acceleration parallel to coordinate direction):

ﬁnggdmzfgpdv
|4 %4

® Friction force:

Fr= —/(?’%)dA
A
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Definition

e External forces (fittings, supporting forces, casings,...)

—

Fy

e Skalar product 7 - 77 :

Mass that flows normal to the surface of the control volume and that crosses
the boundary of the control surface

b

control surface

x n

v, Ul/ i

T - Vig ﬁ . -1
1= Uly - 0

—

—v1, = |U1| || cos (£(v1,1))

- Incoming mass has a negative sign, outflowing mass has a positive sign

n
b

< positive sign

—

U1

n
%_, negative sign
U1



Signs
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® To compute the momentum in x- and y-direction, the corresponding velocity
component is used. The sign of the velocity depends on the coordinate system.

Velocities & forces: Vg

Momentum equation in x-direction

dl
— = _Fsa: = PU1g (_Ula:) Al + P U2y (UZx) A2
dt N—— N——
U1 Uo7
Momentum equation in y-direction
dI,

dt

= Fyy = p(—viy) (—v1a) A1 + pv2y (V2r) A2 + pusyvzyAs
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Procedure/Zcriterions

e Sketch the flow and define the coordinate system
® Choose the control surface such that

* the integrands in the different directions are known or
® the integrands are zero (symmetry plane)

* the geometry of the control surface is simple

* the fitting forces are included (or not)

® if necessary use a moving control surface

* Do not cut through walls

* Determine the integrals for the specific problem
® Important:

® For special problems Bernoulli and Momentum equation are necessary
* If Bernoulli is valid, the momentum equations is also valid
e Don’t forget the continuity equation

® Rule of thumb:
e Well rounded inlet - Bernoulli / Sharp edged inlet > Momentum
® Sharp edged exit - Bernoulli
® Losses (separation, mixing, ...) 2 Momentum
® Power > Momentum
® Quter forces > Momentum
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( Rankine‘s theory of jets

* Flow through a propeller

z
y

1~ © Propeller, windmills, ship’s screws
] —
l . It | ® 1-dimensional flow
L 1\ 2°
L T Vs & * No influence of the rotation
A1 — | : —-1
‘ ™ V —I 1 e Distribution of force is constant
. ) > across the cross section
Py Po |
L L
\ | * Acceleration or deceleration
S
V. . V.
‘ 1 AmM 1
\"/ v’
Vi




( Rankine‘s theory of jets Alk
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* Continuity equation:
pv1AdL = pvi A = pvoA = pvaAy Arn = pAs (v — v2)
* Bernoulli equation: 0 P
¢ . 2 ¢ ‘2 ; ’
1=>1 Pa T 5¥1 = P1 T 5 20— 2 p2+§v22=pa+gv§
* Momentum equation, red control volume:
—p A+ A = (py —p) A+ F = F=(p—p))A>0
* Momentum equation, green control volume:
—pvi A + pr3As + pv? (A — As) + Arhvy = F
— F' = pvaAs(va — v1) = pv'A(vg — v1)
® Theorem of Froude: ® Power:
/ 1 y P i1 3 U2 U% 3
v = =(v1 + v2) P=VApy==Avi(1+ —=)1—-—=5) ~ ]
2 4 V1 Ok
* Maximum power * Maximum thrust:
oP P 8 F 4
=0 — mar — — g3 = ——pv? ~ 0P
() AT T T T T




( Rankine‘s theory of jets Alk
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* Different forms of propellers
= Propeller without housing = Propeller with housing, well
rounded inlet
- Bernoulli

Y

Y

b

Momentum

YyYyYyvyvyvyevy
®

YYyYvyyy

= Propeller with housing, sharp = Pipe with nozzle
edged inlet

Momentum

Separation

-~ Separation Bernoulli

YYY VY

Bernoulli

l\rv BANERRR,
l YTy
| B B F Y Y VY




{ Example 1: task Alk

| RWNTH Aachen

* A water jet flowing into positive x-direction is reflected by a blade. The flow is
2-dimensional, frictionless and symmetrical.

* Given: v4, p, B;
* Determine the force F, on the blade
e for a fixed blade

* for a blade that moves in positive x-direction with the constant velocity v

stat



( Example 1: solution Alk
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* a) fixed blade:
= Bernoulli equation:
1, 1, 1
P1‘|‘§P’01:P2+§P’UQZPB+§PU3 P1=pP2=pP3 — VUL =V2 =713
=  Continuity:

1
Biviy = Bovy + Bsvg — By = By = §Bl

= Momentum equation in x-direction:

L,

- :/pﬁ(ﬁ-ﬁ)dA:ZFx
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Example 1: solution
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.b)

moving blade:

__________

Uabs
Urel,1
Urel 2

Urel,3

Bernoulli equation/continuity/symmetry:

1
Urel,1 = Urel,2 = Urel,3 — B2 — BS — §Bl

Momentum equation in the absolute/relative system
— [ (- 4 = Y
PN

dl,
dt

Velocity

Mass flux

?

Upel + Ustat
Vabs,1 — Ustat
Vabs,2 — Ustat

Vabs,3 — Ustat
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( Example 1: solution

® b) Moving control surface

Vstat

n
—— — = —
v IA7? Vabs = Urel + Ustat
rel \'J
abs
vrel T/abs

= Momentum equation in the absolute/relative system

dl, o . . . S _
d—; = /ﬂ”abs(“reﬁ - 1)dA = fp(vfei + Ustat ) (Urer - 11)dA

J A A

— /pﬁstat (ﬁrel : ﬁ)dA + / pﬁ?‘&i (ﬁrﬂl ) ﬁ”)dA
fl y A
~0
dlrm — — — — — —
E - pvabs(vrel : n)dA - Jﬂv'r‘el(urﬂl ) n)dA
A A

Fog = va?el?lBl
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( Example 2: task

* Given: Determine the pressure difference Ap = p, — p; in the plotted bifurcation
by neglecting the friction.

A 4
<
[—
<
[\
A 4 A4

>
S
(\]

® Given: v4, V,, a, p=const., A; , Ya A = A,
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( Example 2: solution

e Alternative 1: control surface

k
I - A% = Ay/sina
- * . V3
! A3 I V3y —_ — . s
— I T i U-T = —v3Sina = v

= Momentum equation in x-direction:

dlrr s
pn —/pvx(v-n)dA—ZFx

A
dl,

= Pressure force:
Y F, = —/pﬁdA = (p1 —p2)A

=  Continuity:
’U1A1 + ’UgAg = ’UQAQ — V3 = 4(’1}2 — ’Ul)

—  Ap=1py —p1 = p(vi —v3 +4(vy — v1)? cos )
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( Example 2: solution

e Alternative 2: control surface

T T T T T T T T T T T T

dI,
—2 = /pﬁx(*ﬁ’- i)dA =) F,

dt
A
v (v-n)dA
[r & @A
vzcosa A

= Pressure force:
D3, P3w unknown — /pﬁfdA cannot be computed
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Example 3: task

e Water is flowing steadily from a large container into the open air. The inlet is well
rounded. The exit possesses the shape of a nozzle.

* Determine the fitting force
a) for the standard configuration
b) without inlet and nozzle

® Given: p=const., A, Ay, h, g



( Example 3: solution
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e Mass flux: V =vA=vpAp

a) well rounded inlet and nozzle:
no losses - Bernoulli equation

0

Y

1

Pa + pgh = pa + 540’0%,&

— Up.a = \/ 2gh

b) Borda estuary
Losses - no Bernoulli equation -
Momentum equation

_________________________________________

- /,oﬁx(ﬁ’- A)dA =) F,
A

[ P )4 = purAner = i
A
Z Fo = p.r — (pa, + pgh)AR — PaAR

— URb — Vgh < UD.a



( Example 3: solution
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® [orces:

e \Well rounded inlet and nozzle:

_______
| —
@ U pa _
f .
¢ 3 " X

pvHAD = (pa + pgh)ARr — PoAr + F

vp = *\KQQ'h — F, = pgh(?AD — AR)

® Borda estuary:

pA

\Ielta p=rhogh

rho/2g h

rho(2 v 2 .

r o [ S a_._ -
' X

_;OUQRAR + pszAR = F, + (pl — pa)AR

1 2 1 2
p1+§P’U1=pa+§pﬂa—>U1=Ua=UR

%plzpa%Fm:D
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( Example 4: task

* Two fans sucking air from the surrounding differ in their inlets. The flow is
iIncompressible.

>3

A~
D,

e Compute
a) the volume flux,
b) the power of the fans, and
c) the force on the fitting.

® Given: p=const., A, Ap
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Example 4: solution
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* Basic situation: Total pressure, static pressure, and dynamic pressure

* \Well rounded inlet:

_.3
A
pO / ‘: p/2V2
A T

o N\de2v2 " ap=ap,

P3 =P,
|

e 0 1 2 3

* Sharp edged inlet:

P,

\ /_\p
i ()
Separation Val
~_ \J
~—_
_0_ _ _ _ L g3

A
J Jt LA
7
\/—I |
e
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Example 4: solution
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e \Well rounded inlet:

_ 3
A

Po e b pr2v?
A T~ .

o N\up2v: "} ap=ap,

p3=pa
o

e 0 1 2 3

e \/olume flux:

V = “U1A
* Bernoulli equation 2 - 3:
P 2 P 2
+ -0 =p3+ S
P2 5 V2 P3 53

—+ P2 = P3 = Pa

* Bernoulli equation -co - 1:

pa+U:p1+gtJ%

(AP = P2 —Pl)

2
— v = 4/ —Ap
V p
: 2
V=vA=,/-ApA
P
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e Well rounded inlet:
® Power:

P = Vﬁpg
k ® Here:

Apo = po2 — po1

1 P 2 P 2
| = p2—p1=A4Ap

4 B\

! 2
P = ApAy/~Ap

pO /_ :: p/2 V2_

P3 =P,
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( Example 4: solution

e \Well rounded inlet:

® Fitting force:

Q"""F"C"‘P"‘"}
|
i ‘ |
! —_— e — ==l . 4| -+
! |
! |
\
_.3 \ . |
N f T —— _L_B>
/
/,’ st
3 N -- Aw

* Flow field can be described using a

A point sink
* No direction at infinity
A
Po ' [ § P2V e The velocity is constant
p \ie2v " {ap-ap,
Py=p, AV = Av
> Av
%) 0 1 2 3 Voo = 7

Ao
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Example 4: solution
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e \Well rounded inlet:

_ 3
A

Po e b pr2v?
A T~ .

s N\up2v: "} Ap=ap,

p3=pa
o

e 0 1 2 3

* Momentum flux for A_:

dl
dt

I

f
f

OO

oo

Av |
Ao

m?

PAs

d12+d12
dt ) dt ),

jﬁ P (¥ - 71) dA|
A

oo

lp v_(v-1) dA]

2 2
pUa dA = pvi Asc

dl

dt

pv2 A?
Ao

<

— 0 fiir Ay —
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* Well rounded inlet: e Exit-
| - . _Zk
_b. E - -
I N > _b? ——
_.3 - . ]
dI B
| = pUQA — ~Pa f ndA + F,
dt | A

/ :: p/2 V2_

P3 =P,

— Fop = pv?A=2Ap- A



( Example 4: solution
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® Sharp edged inlet:

\Separation

~—"7
0 _ L\ _.3
A /
Ap,
J ' Lp/2v?
P, -
Poar
-

e Momentum equation:

pv°A = paAoe — (pa(Ace — A) + p1A)
= (Pa — pl)A = ApA
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( Example 4: solution

® Sharp edged inlet:

Yparaﬁon
S~

® pPower:

P = ApyV = ApA| =

* Fitting force:

Ap
_0_ _ _ _. | ! T — ] PR f/\
__________ - ______,

, =]

.\J;J* ::p/2V2 ——————————————— —y___a
\-/I :: f F.
0
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Biological & Medical Fluid Mechanics
(BMF/BME)
O5: Similarity rules

Michael Klaas
Institute of Aerodynamics
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* |nitial situation
e Exact analytical solution of the conservation equations is usually not possible
= Experimental and numerical investigations are necessary
* Fundamental questions:
* When can experimental results be transferred to the realistic conditions?
* How can we design an experiment as general as possible?

* How can we reduce the complexity of the problem?

- Similarity theory: Find a set of dimensionless similarity parameters that
describe the problem
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Example: pipeline problem

e Experimental investigation of the pressure loss for the steady, incompressible flow of
a Newtonian fluid through a long horizontal tube with circular cross section

- Find a relation for Ap, that describes its dependence on the variables of the flow

Apl — f(-Dapvna'l_)) <O!T T ' p'nf‘ ' D %

e Approach 1: Several experiments with modifications in one variable

Ap ‘ Apy ‘

Am * Am *

e
v

- expensive, difficult, results not necessarily transferable to other pipelines with
different flow conditions
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( Example: pipeline problem

e Approach 2: Combine (D, p, n, v) to dimensionless parameters
(similarity parameters):
Ap; - D _ p-v-D
pv% 1
I, = @ (IIy)

)
@
o)

.




Definition
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® Theory of similarity:
e Comparison of experimental results with real configurations

* Reduction of the number of physical quantities
— reduction of the number of experiments

* Experimental results are independent of the scale
* Similarity parameters are dimensionless

e Dynamic similarity: flows are not necessarily similar, if only the flow quantities
are scaled

e Two flow fields are similar if they are geometrically and dynamically similar
* Flow in a gap:

h

u

_—

= parameter of the geometry

h
L

S T

——— L —




Similarity numbers
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e Geometrical similarity
L1 =% "Ls - scale
- Transfer from reality to model

® Euler number: Similarity concerning pressure

Ap

Eu = - pressure force / inertia
0 - u?

* Reynolds number: Similarity concerning viscous stresses

p-u-L w-L
= = - inertia /viscous forces
n 1

Re

- Re — 0 > creeping flow

- Re-h*/L* <1 = gap flow

- Re — o© > frictionless

Due to the kinematic viscosity, the Reynolds number depends on the temperature

and (for gas flow) on the pressure.



Similarity numbers
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® Froude number: shallow water waves / free surfaces / ship hydrodynamics

Fr = -

- inertia / gravitational force

ﬁ
~

The Froude number is used to determine the resistance of a partially submerged
object moving through water

e Strouhal number: ratio between characteristic times

Sfr‘:i

u-t

e Mach number: flow velocity / speed of sound

U
Ma = —
C

Ma < 0.3 - incompressible flow

Ma < 1 - subsonic

Ma > 1 -> supersonic compressible flow

Ma > 1 - hypersonic




%ﬁ Similarity numbers Alk
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e Prandtl number: viscous diffusion rate / thermal diffusion rate

- Kin. viscosity / thermal diffusivity
Pr— ¢ _V (c,= specific heat)
a (A = thermal conductivity)
(a = thermal diffusivity)

* \Weber number: multiphase flows

2
We — p-u-L - inertia / surface tension/energy
o

* Nusselt number: heat transfer at a boundary (surface) within a fluid

-> convective/conductive heat transfer
Ny — & L (L = thermal conductivity)
Ay (oo = convective heat transfer coefficient)

* Archimedes number: motion of fluids due to density differences
.3
p Ap . g Cp

A
T Py




Methods to determine dimensionless
parameters: Buckingham's II-Theorem
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Method of dimensional analysis (Buckingham’s II-Theorem)

The P-Theorem determines the maximum number of parameters to be considered
Number of physical quantities: k
Number of basic dimensions: r [m], [s], [kad], [K]

Number of dimensionless parameters: m=k —r

Procedure

Determine the number of physical quantitites k Gl = f(GQ, Gg, ceey Gk)
Decompose and determine the number of basic dimensions r
Determine m

Choose r recurring variables

® |nclude all basic dimensions
* Linearly independent
e Don’t choose the variables that are hard to measure

Determine the dimensionless parameters  [[. = (5, - (G"fl : GSQ . Gf”’)
Check the dimensions

Formulate Hl — Q(H% HBa <. ;Hm) 9



Methods to determine dimensionless Alk

parameters: differential equations 20 FLPEE W

e Starting point: differential equation that describes a physical (fluid mechanical)
problem

® Determination of the similarity numbers:

= Differential equation that describes the Op O%u
® Problem: . = N33
ox oy
e Introduce of dimensionless Uref, Prefs MNrefs Lref ) h"refa

quantities and reference quantities:

uoo: Ap nref: L7 h’)

i=— p=2L =1 =2 z=2
uoo ? Ap ? ')’h,ef ? L 7 h ?
* Replace the variables in the Ap 62_9 Nre oo _azﬂ

differential equation:

22—
e Divide the complete equation by one @ _ L Tlre f Uoo —8 U
of the coefficients of the ot Ap h2 n@?Q
® terms: ~ ~ _/
IT

®* m terms =2 m-1 similarity numbers 10



Methods to determine dimensionless Alk

paramete rs RWWTH Aachen

Buckingham’s Theorem yields the maximum number of similarity numbers for a
given set of influence parameters.

Differential equations contain additional information about the relationship between
the influence parameters and the similarity numbers —The number of similarity
numbers derived from Buckingham's N-Theorem can be larger than the number
derived from the differential equation.

Usually, similarity numbers determined using one of these methods can be written
as a combination of known similarity numbers

Example:
a}_j’ _ L NrefUoco _825 _ L NrefUoco _ Nref Pugo £
0 Ap h? n()@? Ap  h? Pusch Ap h
N ~ vy N AN 7/
I 1 1 geometry
Re FEu

11
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Example 1

* The wake of a long cylinder with the diameter D is analyzed experimentally in a
wind tunnel. Under certain conditions, a periodic vortex configuration is generated,
the Karman vortex street.

Ty @

® Determine the dimensionless parameters of the problem

* How many variations of parameters are necessary in this investigation to measure
the frequency of the vortex street?

12
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* Physical quantities

m
® Freestream velocity Uoo [_]
S
. o n [m
e Kinematic viscosity V= — —
P S
kg
® Densit —
y P m3_
* Diameter of the cylinder D [m
1
* Frequency f B

* Number of similarity numbers:
* Number of physical quantities:
* Number of basic dimensions (m, s, kg):

* Number of dimensionless parameters:

k=5
r=3
m=K-—r

P,V

A

13
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® Recurring variables:

m
® Freestream velocity Uoo [_]
S
. kg
* Density p —
m
= Diameter of the cylinder D |m]

e All dimensions are included, all variables are linearly independent

® Determination of the similarity numbers:

® 1st number II; = f - ust -pbl - D
S~~~ b ~~ d
nonrecurring recurring
* 2nd number: Il = v - US2 - pr - D2
nonrecurring recurring

14
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® 1st similarity number II; = f ygé ,pbl 'Dci
nonrecurring recurring
* Dimensional analysis: [_} — [1} [T]al [k_g}bl [m}cl
S S m3
= Comparison of the exponents: [kg] : 0 = by
5] :0 =—-1—a —a; = —1
[m]O =a;—301+c¢1 —cp=1
® Hence:
D
Hl = f— = S’}"
Uoco

® The first similarity number of this problem is the Strouhal number

15
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* 2nd similarity number I, = 1 ,ugg .pbg . D¢
N~ . .,
nonrecurring recurring
i i i m?.  m., k
* Dimensional analysis: [_} _ [_] [_]az[_g}bz [m]c2
s s’ m3
= Comparison of the exponents: [kg| : 0 = by
5] :0 =—-1—a9 — as = —1
m|:0 =24+a3—3ba+ca —co=-—1
® Hence: . ” B 1
> Uso - D Re

® The second similarity number of this problem is the reciprocal value of the
Reynolds number

e Sr=f(Re) - variation of 1 parameter in experiment

16
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Example 2

* The hydrodynamic attributes of a motor ship shall be analyzed with a model in a

water channel.
Motor ship
L

Model Ig
FJ
S! : -

I}

n.p,v

* Determine the dimensionless parameters of the problem with the method of
differential equations using the momentum equation in z-direction, which describes
the wave motion.

® Given: |, ug,, n, p, Q.

dw Op 9
T T, P9t Vw

17
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e Compute the velocity u’,, and the kinematic viscosity v’ of the model fluid such that
the flows are similar.
e Given: Uy, v, I/I' = 10

e Compute the power of the motor ship at the velocity u,,.

® Given: Uy, Uy , p', p, I/l = H/H" = 10, drag force in the experiment F’.

18
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* Momentum equation in z-direction:

dw
dt

Op

= —— —pg+nVw

0z

* Dimensionless Terms for the derivatives:

e 1st derivative:

e 2nd derivative:

* Differential operator:

du [ du

dT U dx

Pu  d (dﬂ) 2 du

472~ dz \ dz

Uoo A2

0? 0? 0?
2 __
V= (8x2 i 0y? i 6z2)
2

V' =1?V?

® The values p, n, g are given and constant

19
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* Dimensionless parameters:

w

* Velocity: W = —

® Pressure:

Uso _
P static pressure

pu?,  dynamic pressure

also possible: Ap as reference pressure

reference pressure determines similarity numbers
Pipe flow: Ap

compressible flow around wings etc.: pu?,

z 0 1,

e Coordinates: z = - — =[—

® Time: t =

[ 0z 0z

l/Uoo

® u,/l describes the time that a particle needs to pass a ship that has the

length | and that moves with the velocity u,,.

20
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e Hence: — p#u“%:_%%_l?g+n%v2@ : (%)
— %_—%—%pwrn;z Vw

dw op 1 N 1 —2
dt Jz Fr?2 Re
* Velocity and viscosity in the experiment provided that the flows are similar:
2 ‘2 (
U U [ U
Fr=Frt —» —=— = flL‘oozuoo\/j:%.O
gl gl I V10

ucoo [t U

ool ool ‘ool‘
Re:Re‘—}pu :u_:ﬂ»‘ — V= v _
" o v Uso 1 104/10

21
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Example 2

* Power of the engine:

F/A A friction

- p/2 - u2, B dynamic pressure

CD (AZZH)

F  F
p2-uZ A p/2 L A

CD:C‘D —

2 A 2
L F =P %20 2 100 P B
p‘ U’COO A‘ p‘ /U"CQBO

3
P=F-uy = 100F L2
pru

22
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Example 3

® |In a gas flow the heat transfer is determined from the viscous effects and from heat
conduction. The influencing quantities are the heat conductivity A [kg m/s3K], the
dynamic viscosity and the reference values for the temperature, the velocity, and
the length. The physical relationship can be described with the energy equation:

02T o\ 2
A— —) =0
dy? +n(8y)

* Determine the dimensionless parameters of the problem
* with the method of differential equations

e with the N-Theorem

= Expand the resulting parameter with the specific heat capacity c, and formulate the
new coefficient as a product of three different parameters.

*Hint:
* The material quantities are constant
* The fourth basic dimension is the temperature.

23
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| 82T ou\”
® energy equation : )\8—3;2 + 1 8_3; =0
2T 2 =\ 2
® energy equation with reference values: Mg 07T + YR @ =0 &
REOITE: 12 \ 0y [2
L
N'r
® [1-Theorem, Physical quantities: ]
Heat conductivity: A kgm
eat conductivity: BK
namic viscos | kg
ynamic Vviscosity: n | ms
e Temperature: Tr [K]
m
* Velocity: UR ?]
e Length: lr M)

24
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* Number of similarity numbers:

* Number of physical quantities: k=5
* Number of basic dimensions (m, s, kg, K): r=4
* Number of similarity numbers: m=k-r=1
e recurring variables: 1, T, Ug, |g I = X\ n°TE u% 1 choose b=1
k =a+ 1
mg —a+1—|—d+e a=c = —l nu?
K = —a+tc a
® Similarity number expressed by well-known similarity numbers:
R 2 2 2
¢y = Y m="Tr _ "% Yr _N% _Ug (v — 1)
Y = 1 )\TR A Cp TR A Y R TR

II=Pr -Ma*(y — 1)

25
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* The laminar boundary layer flow on a flat plate, neglecting the viscous heat, can be
described with the continuity, the momentum, and the energy equation in the

following form: ou v
ox i 0y =0
ou ou 0%u
o (v35 05 ) =
oT 0T 0°T

® Determine the dimensionless parameters of the problem

e Reformulate the resulting parameters by using well-known parameters of fluid
mechanics.

Assuming constant material quantities the flow field is independent of the temperature
field. Both distributions can be computed separately.

® Specify the assumptions to determine the temperature distribution in the boundary
layer directly from the velocity distribution. Compare the differential equations and

assume that the velocity distribution is already known.
26
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* Method of der Differential equations

* Dimensionless parameters:

U v _
u = — v = —, p pr—
Uso Uoo
_ n _ C
n = —; Cp = . ;
Too Cpoo
® continuity equation:
ou Ov U
+=—=0 = =
or Oy L
* Momentum equation:
ou N ou
U— T V—
P\ "oz Oy
U ou
= P —=

27
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* Momentum equation:

_ _ 2 o0 1
ﬁ(aa—g+wa—?)=ﬁau<%uml’)—>ﬂl= ! = =
0T 0y

* Energy equation:

PP \ "oz '“ay ~ oy

[\D

poccp _c_ —T—I—U@ _)\ooTooxéﬂT
P ox oy ) L2 oy°
_ aT oT Moo Too L — 0°T
P Cp - — A P
8:13 8y L? Poo Cpsy Uoso T 834
I,
I, = Jo = — . =

28
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* Dimensionless equations with constant material properties:

du
0z

—(ﬂ@_‘m+5@) _L—(ﬁ)
P\" oz o5)  Re ' \op

s (7?7 5 OT) L L (8T
Pe\"oz T "a5) ~ Pr Re \ o

* Comparison between momentum and energy equation:

=
N

By replacing T with u and proposing Pr = 1, the energy and the momentum
equation are identical

Tloo Cp
o0 Tpee
Ao

29
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‘ Flows with friction

* Up to now:frictionless flows
- only normal forces - pressure

o e

* Now: flows with friction
- normal and tangential forces

J
\

u ¢ 0

N
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( Simplications

* Steady flow 3/0t =0
® Fully developed flow

® Laminar flow

* Imcompressible flow

Fully developed - The velocity profiles does not change along the axis

- parallel flow




( Simplifications Alk
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e Continuity equation for incompressible flows:
ou  Ov ou ov
+—=0: —=0—>—=0
or 0Oy Ox oy

_>» atthe wall
v =0 — v = (0 in the entire flow field

on the axis

e Example: flow between parallel walls (pipe, plate)

e .’ ) y
-V 0 v
v=2~0

<!
|

everywhere

L]

parallel flow



( Momentum equation with friction Alk
RWTH Aachen
* x-direction:
ds / (T-i)dA =) F E,, + F
— = Uy (UM = =
D pressure  friction
= Z Fa, =F, +Fr, =0 Balance of forces

—> friction forces are balanced by pressure force

e y-direction: (volume forces neglected)

dl R
d—f:vay(U'Tl)dA:O:ZFAy:pr+FRy
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( Friction forces
R\NNTH Aachen
* Experiment: Water between two plates:
U Aa
S !
| | I F
4 / —
I ol B / B
b : |
y —
/AR
P
] /
7
_ Y : : :
’u;(y) = Uoog (linear velocity profile)
du U o _
= — = —— = const. (in this special case)
dy b

Boundary conditions: ©(0) = 0,u(b) = us.  (no slip-condition)
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Viscosity
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Aa
tan AB ~ AB = T, Aa = UOOAt
ag small
VAN /
AR === — A = f(F, At)
y = lim Ap _ Yoo d_u shear rate
7T A0 A b dy
F d
R f = f()=f (d—Z) shear stress
—> for ordinary fluids (water, oil, air, ...):
d
T= -0 au Newtonian fluids
~— dy

viscosity
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‘ Newtonian fluids

- n=n(T,p)=nT) (weak dependence on p)

U
e =f (j_u) = nj_ - linear dependence with slope 7)
Y Y
I}
oil (15 °C)
water (15°C)

_ du
-

] = %ﬂ dynamic viscosity

dy gases:n Twith T |
liquids: n | with 7" 7




( Non-Newtonian fluids Alk
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du
e 7=1f (d_) - nonlinear dependence!
Y
T“ Bingham
______ || _4  |shear thinning

shear thickening: n T with ?TE T (e.g. quicksand)

shear thinning: n | with % T (e.g. latex paint)

Bingham fluid: solid if 7 < 7y (u = 0 for 7 < 7))
fluid if 7 > 79 (u # 0 for 7 > 79) (e.g. toothpaste)



Summary friction forces

AN

IRWNTH Aachen

Friction forces react to movements and accelerations

The higher the viscosity the higher the friction force

The tangential forces depend strongly on the velocity gradient
The friciton model depends on the fluid

“Ordinary fluids” (water, oil, air, ..): Newtonian fluids

du
T = —N—"
ndy

Blood is a Non-Newtonian fluid!

- But under certain conditions (e.g. blood flow in big arteries) the Newtonian
model could be a good approximation

10
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e y-direction:

=

pr—l—FRyZO
d
F N% = Fgr,=0 asvy—[;)
F, =0 = p(y) =const. — i

- without volume forces!

e x-direction:

driving mechanisms:

* Pressure gradient Ap in pipes or between plates
* Moving walls > UW (Couette flow, no slip condition)
* Gravitation g (oil films with free surface)

8_y:

11
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o
vy
. Tyx ‘
nI
1
Ty .
¥
O yx @ 0 xx
X
T
- xy Oxx =Oyy =P
n
—
}TX n
Oyy

* Convention: sign of forces
*pPositive normal stress (=pressure), if Fp iIs contrary to the normal vector

*pPositive tangential stress (=friction) points at the coordinate direction, if the
normal vector points against the coordinate direction

12



( Steady flow between parallel plates Alk
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’r—i—g—;%
y ]SS ///////// /
X —
h lg T— 59
/S S /S

e Balance of forces in x-direction:

p(z)dy — p(z + dz)dy + 7(y)dx — 7(y + dy)dx = 0

0 0
:>p—(p+—pd:1:)dy+7'—(7+ 4

5 8ydy)d =0
Ip oT
——drdy — ——dydr =0
"oz dy Yy
dp OT

13
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ou 6p 8221;
® - = — = - — 0
Newton: T Y (93’; 3y2
. dp
e Y-direction: pdx — (p + 8—dy)da;' — pgdx dy =0
Y
op .
= _8_y —pg=0= p=—pgy+ f1 (;L-) Hydrostatics
. . . _ 0%u 1 8p
* Velocity profile u(y): 1stintegration of ——
o2 n dx
0 d
with u = u(y) = 8_Z_d_z and 8—$7éf(y):
= d—u = l@ +c
dy no0x !
1 Op
e ond integration:  u(Yy) = y + C1Y + €2

21 du

14



( Steady flow between parallel plates Alk
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* Boundary conditions:

y==xh: u=0
1 Op h?

=0 = _———|—Clh+CQ / / 7
nox 2
— _—— — } ;“(y}
0 noxr 2 cuhh 6 S o
1 dp h?
= 1 = 0; 02:——@2’—
noxr 2
/ [
1 Op
= u(y) = 5=~ (y* — 1°)

15
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* VVolume flux per unit width:

h h
q—z—/ U(y)dy—f i(r))—p,(zf—hz)dy

b —h h 2?7 Ox
1ap [v3 1" 2h3 Op
3
with —92 =58P = 4— 2%_77?
g Rh*Ap ( 0) Weop 3
U= = C Umax=u(y=0)=——"—=-u
oh 3y mex T MY Mdr 2

® Pressure distribution: if 8—p, n, h are known, for po = p(:c = 0) :
T

0 )
fi(z) = 2a +po = p=—pgy + —a + po (laminar flow)

ox ox

16
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( Couette flow

* Changed boundary conditions:

Uno
§ L y=20: u =20
h y=nh: U = Uso
Yy Co = 0
Uoo 1 Op
= — — ——h
! T “ h 27}858
/ LSS
T=70
Y 1 Op 2
— o=+ —— —h
= u(y) u h+2naw(y Y)
uy _ oy 1 8p3(1_3)
Uoo h  2nus 0x h h
P

h h

17
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Boundary conditions
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* Wall
No slip condition
— U = UW
v=~0
but T 7é 0 is unknown
—
Uy
® Free surface
- \V4 Ambient pressure
T~ 0
du o _
N T=-1n—=0 friction between air and
dy fluid can be neglected
- 9
or  0y?

19
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‘ Boundary conditions

® Limiting surface between two fluids

on the contact surface
- e Uy = U2
N T1 = T2
¥ T u,(¥)

® Symmetry
i W b
— - .
on the axis
—————
T=20
— =90
dy
4-.,
—
7% 7% 7

20
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1. Choose an applicable coordinate system

(x along the stream lines)
sketch an infinitesimal element

2. Sketch all forces and stresses

3. Formulate the equilibrium of forces in the direction of streamlines

dy l - T (y+dy) Taylor expansion

'r(y—l—dy)—'r(y)+g—;dy+...

T T ()

4. Integrate the differential equation (1st integration)
—> distribution of the shear stress

21



( Method for solving typical laminar Alk
flow problems mE u
5. Introduce a model for 7 as a function of u
| . _ ou
- Bmghaﬂ'lj o Bingham: 7 = _778_ + 70
stwald—de Waele y
ou, _,0u
T Newton Ostwald-de Waele: 7T = —C|—|n 1=
dy Jy
- ou
v Newton: 7 = —7)4—
= Jy

6. Integrate the differential equation (2" integration)
- velocity profile

/. Use boundary conditions for the unknown constants of the integration

22
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( Example

e An oil film of constant thickness ) and width B is flowing on an inclined plate.

lg

§=3-10°m B=1m «a=230° p=800kg/m?
n=30-10"° Ns/m? g¢g=10 —

Calculate the volume flux.

24
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* An oil film of constant thickness and width - fully developed flow
— dI,/dt =0 —  Equilibrium of forces
— 0u/dx =0 — u=u(y), u(ly=0)=0 No-slip condition
du  dv
Continuity: — +—=0 A v(y=0)=0 —v=0 anywhere
dr  dy

25
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* Equilibrium of forces for an infinitesimal element
dl, Op
=0 =pBdy — —d Bd
— pBdy — (p + 5 —dz)Bdy
oT
+7Bdx — (T + —dy)Bdx
y
+pg sina B dxdy
0 0
= op dedyB — 7 dy Bdx + pgsina Bdxdy = 0
- Ox oy

Op/0x =7

26
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Example

* Momentum equation: equilibrium of forces in y-direction

Fully developed flow — v = const =0
+dp/dx dx
Pp\Ty %Ty:_n@zo
Ox

N oT
Ty +OT/6 xdx _) _y — 0
ox
dI, 9
0=—Y=pBdr— (p+ a—pdy)Bd:z: — pg cosa Bdzdy
y

N g_g = pg cosa = const %f(y)

— p(z,y) = pgy cosa + C(x)

Boundary condition: p(:c, Yy = 5) = Po = const

27
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ﬁ

C(z) # f(z)
dp

— P 7£ f(g;) — 8_ —( for free surfaces
X

or — pgsSinq = d—T
8y_pg - dy

1st integration: 7T(y) = pgsinay + C4

B.C.: T(y=6)=0— C1 = —pgdsina

du
Newtonian fluid: 7 = —n—
dy
du T  pgsina
== (6 —y)

dy n n

28
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( Example

sin o 1

2 nd integration: U(y)

pg sin o 1

uly) = = (0y = 5v°)

)
| _ 5 3
Q= /u(y)de - B [pgsma (éyz ~ ly?’)] = 121075
U

0

29
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* Fully developed flow of a Newtonian fluid between two coaxial cylinders

e Given: R, a, n, @
dﬂ: R . uir) | r

a) Derive the differential equation for the shear stress distribution 7‘(7") and the
velocity u(?") Integrate the equations.

D) What is the velocity of the inner cylinder Uc,; for the case that the flow does not
impose any force on it in x-direction?

30
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a) 7(r), u(r)?
T (r+drf2)

R p(x+d> dA = 2mrdr
..... I R ]

T (r=dr/2) r dAZ = 27'(-(7" — %)dﬂ:

= dr

} """"" T ) dA, =27 (r + E)d:c

. dr 1ot
H— / _____________ y T(Tig):’f(?“)iigd””r-u

dA,

31
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* Equilibrium of forces Z F,=0
op 107 107
0= pdA— (p+ %da:)dA + (1 — §§dr)dx4Z — (T + 55037‘)01}10
op 107 dr
= 00— %de'zrfrd'r' + (7 — §Ed7°)(27r(r — ?)dﬂﬂ)
101 dr

—(7 + §§dr)(27r(fr + 7)dm)

32
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0 d 10 10
= — 8‘20!332%7“0!7" + 27dx | Tr —T% — §a—f;rdr+;a—:ﬂ-drdr
dr 1071 101
_ ( TTr —|—T§ — 5@7"(%}" —I—\;Ed’rd’i)]
= — @QWTdeQZ — 7dr2wdx — @drr?ﬁdm
ox or
. Op T Ot  dp 1ld(rr) 0
" 9z r Or de r dr

33
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du
Newtonian fluid: 7 = —n—
dr
dp n d du 0
—_— e — — r— —_—
dr  rdr \ dr
b) Ue, i =7
Boundary conditions
« wu(r=R) =0, no-slip condition
d
Friction: Fr(r=a)=0—7(r=a)=0: (Fr=7A) — d_u r=a =0
r

d d d
* Fully developed flow — % 7é f(?") — %ﬁ — % (Td_';f>

34
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1 d d
1 st integration: %d_i,]g Cl _ Td_”:
du (1,2 dp
d |?" a 1 = 277 dm
du 1 dp 2 du
_ et
re- = o —(r* — a?) -

1 dp(l
277da: 2

2 nd integration:

u(r) =

r? —a’lnr) + Co

35
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B.C.:

u(r=R) =0
Ldp (1 _o o
- (R 2
— Co o di <2R a nR)
1 dp |1
— u(r) = %é [5 (r* — R?) —a21n7“+a21nR]

36
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7777777777777/

u(r)

; s ; s ; s ; s ; s ;
- o /- - o /- - o /- - o /- - o /- -

— Bingham fluid: same behaviour!

N
W

37



AN

IRWNTH Aachen

Biological & Medical Fluid Mechanics
(BMF/BME)
O7: turbulent flows

Michael Klaas
Institute of Aerodynamics
RWTH Aachen University

D-52062 Aachen
http://www.aia.rwth-aachen.de




AN

IRWNTH Aachen

‘ Turbulent flows

e | aminar and turbulent flows
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Turbulent pipe flow
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Turbulent pipe flow

velriciol=zs

. 00557

00451

URTEE

00105

<0.00534




AN

R\NNTH Aachen

Turbulent pipe flow

velriciofl=s0

0,025 ]

00273

00105

~0.009532




{ Turbulent flows Alk
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e Reynolds averaging: The turbulent velocity ¥ is split into two parts:

—

eMean value U -
eVelocity fluctuation v°

— -+

U — v + v

| | |

total vector time average fluctuation

* Example: Pipe

r

t fully turbulent

* symmetrical flow
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‘ Turbulent flows

u(r,®,xz,t) =u(r) + u'(r,®, z,t)
v(r,®,x,t)

v (r, @, x,t)

1
e Definition: u=—/ u(m, Y, 2, t)dt
1




f Characteristics of turbulent flows Alk

. N RWNTH Aachen

® Chaotic, stochastic property changes
* Rapid variation of pressure and velocity in time and space
® Laminar flow at low Reynolds numbers, turbulent flow at high Reynolds numbers
® Increased diffusion due to turbulent fluctuations
- higher mixing
- Iincreased heat transfer
e Additional (turbulent) shear stresses

- higher pressure losses (pipe flow)
- increased boundary layer skin friction



Computational rules
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? =0 Mean value of the fluctuation
? = T Mean value of the mean value
——
const.#f£(t)
Zf 8f Mean value of the derivative
X

J+g (f +g)dt = fdt+= [ gdt=F+7
b furout[rast

f

QI
“hl

g g#79() /fgdt —g/fdz?y
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1
dt = —
fg T

/ F+ 1)@+ g) dt
T

(fg+ £+ fg + fg)dt

Level of turbulence

Turbulent intensity)

N (linear velocity profile)

(usually # 0, e.9. f =g — f2#0

Uoo V 3

1 1
} Tu = — /= (u'? +v2 + w?)

10
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* Convective terms in the momentum equation for three-dimensional, incompressible
and unsteady flow:
Uy g Juv  OJvw
Oy, or = Oy

* Mean value of the convective terms:

- OQugv, 9,

> = U U + VRV
oxy oz (%% 7; —_— )
additional term
— PV turbulent shear stress tensor

11
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® Pipe flow with total pressure loss:

P01 = Po2 T

Apy
Total pressure loss

12
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P11+ gﬂil + pgz1 = p2 + gﬂgng + pgzo + Apv

L;
with Ap, = > (G + N =) 2w

—1, .
. D;72° ™
(4
G A pressure loss coefficient for inlets, ellbows, ...
\; A loss coefficient for straight pipes
— A :
Um; = bulk mean velocity

For most geometries, { = ((Re, geometry)is determined in
experiments and listed in tables

R R,
- / > / N
~— B —

Einlass

—

13



( Pressure loss coefficients and
reference velocity
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* Pressure loss coefficients for pipes (smooth pipes)

@ oD
Re = Ymf
U
e Laminar (Re < 2.300)
C
A= —
Re

( = 64 for circular cross-sections (Hagen-Poiseuielle)

= Turbulent (2.300 < Re < 10%)

\ 0.316 Al
= asius
v Re
1
ﬁ — 9 log(Re\/X) — 0.8  Prandtl, iterative solution

14



( Pressure loss coefficients and Alk
reference velocity NTH Ae &
* Viscous effects in pipes: bulk mean pipe velocity
- M Lo,
D Lp_,
— — Ap, = \—=1
. e Po="pgtm
Un A
* Inlets: bulk mean pipe velocity
T —
| P_o
- Ap’b' — €§um
P

15



( Pressure loss coefficients and Alk
reference velocity NTH Ae &
® Unsteady change of cross section: bulk mean velocity at the inlet
Carnot equation
L Ap A1,
A, — 1 —= Uy, Ce — p_2 — (]_ - A_)
o EUml 2
P_o
: Ap’U — 6§Um1

i,

® Laminar flow, inlet, circular pipes:

— 1.12 < (. < 1.45 from experimental data

16
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e A fountain is supplied by a large tank and is connected to this tank using a pipe
system. This system consist of four straight pipes with an overall length of L, two
ellbows and a valve.

e Given: h=10m,D =0.05 m,L =4 m,(x = 0.25,(y = 0.025

o3

A A Y A A S A A -

* Determine the volume flux and the height H for a flow including losses and a
flow without losses for a)d = D/2 andb)d = D .

17



'@ Example Alk

RNNTH Aachen

* Bernoulli:

Po1 = po2  + Apy

available total remaining energy transformed

energy in "1’ total energy in "2’ to inner energy

— total pressure loss
I
Po=Dp-—+ §u2 + pgz
L p_g
Apy = Z:(C? + )\?E)aum?
*® Remarks:
— “0”: total

— “1”: surface of the fluid of the tank
_ u2n: nOZZIe eXit

18
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e Bernoulli from “d” 2 “H” (ug = 0)

0
Pa + §u72nd = po + pgH

2

u
— H = Q&d —  unknown u;,g 7
g

e Extended Bernoulli
L
Po1 = Pa + pgh = pa + gu?nd + gu%,p (2¢Kr + G + AB)
_— T IS

bulk mean nozzle velocity

bulk mean pipe velocity

e Continuity

d 2
umDAD — umdAd —7 UmD = Umd (B)

19
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lossfree with losses
p d\"
2gh

md = \/ 2gh Umd =

eV \/ 1+ (&) K
Volume fluz Q= %dzumd

2 d |2
: d? ST o d 5)

4 D?

20
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( Example

no losses |with losses

' H=h |H=—"
Q verlustfrei 1+(%)4K

/

verlustbehaftet

: d
influence of D

Q| %

2
umd

e Ceiling of the fountain: H = 2_
g

21
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* The velocity profile of the fully developed flow in a pipe with a smooth surface can
be approximated with the following potential law:

M) _ (1 - L) with o= n(Re)

Umax

Re n 7777 777 77777
1-10° | 7 R \
6-10° 181 = L-_ S L s A O
1.2-10% 9 /(0
2.10° {10 TT777777 7777777777 7777

22
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a) Use the continuity equation to compute the relation between the bulk mean
bulk mean velocity v,,, and the maximum velocity U,,,q, , i-€.

= f(n)

Umax

r _
D) Determine the position Em , where U(r/R) = vy, .

C) How can the results of a) and b) be used to measure the volume flux?

a) The ratio between the average and the maximum velocity is

2n° th ¢ r
i = —
mtiD)2ntl) R

Um

max

1
2 [ e - 9 ae -
0

23
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Example 2

) The integral is solved using partial integration, and the result of this integration
can be used to compute the distance ’r'm/R using the following relationship:

Rt—'ﬁ T wm/wmam Tm/R

. N 1-10° | 7] 0.8166 |0.7577
f’”’” =1 — (@m) 6-10° | 8| 0.8366 | 0.76
e 12-10° 9] 0.8526 | 0.762

2.10° 110] 0.8658 |0.7633

C) Measuring ’U(’r) at a distance R — r,,, from the wall, and with the known Umaa:
the average velocity can be determined, and the volume fluxV = v,,, R? can
be computed.

24
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( Example 3

* A Bingham fluid flows into the direction of gravity between two inifinite, parallel,
vertical plates.

e Given: b, p, n, 19, g, dp/dz =0

N
N y
N z r % g
® Determine for a fully developed flow § |
N
a) the distance a N\
b) the velocity profile w(y)
N
N w(y) -
\ S/
| b )/

25
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T A
. /
N ) /.
To A o
/%f 0 ZT / dw"dy
T
dw/dy/=0 N i , < / ’
>, ] Festkt::rper= L/ 0
i b
_ _ ow
Bingham fluid: 7 = —n— £ 79
dy

If 7 exceeds 70, the fluid starts to flow.

As long as 7 does not exceed Tq, the fluid acts like a solid body.

26



C

AN

IRWNTH Aachen

Example 3

Infinitesimal element:

Fully developed flow:

Equilibrium of forces:

e

ow 0
—_— Y — = 0
- 0z 03 0z
TBdz — | T+ @dy) Bdz
dy

+pBdy — (p + %dz) Bdy + pgBdydz = 0

9
- —a—Tddez + pgBdydz = 0
y

27
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Hence:

or _ -
8y_pg_dy

Integration: d7rpgdy — T = pgy + C1(2)

B.C. for Cl(Z)
symmetry: 7(y=0)=0— Ci(2) =0

’r(y) = pPgy (does not depend on the fluid)

28
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T(y) straight line

y = la] = |7 =70

a) = pga =Ty

"<

Y

<
I

A

T

a) Velocity profile w(y)

. _ _ dw
inner region, solid body: |y| <a— — =0 — w(y) = const.

dy
dw

outer region, flow for y| >a—T17=——"7 %1

dy

29
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w
Fully developed flow: — = ()
0z

dw ==y < . ) (—y)
H ' — = = ymmetry: w — w(—
ence dy . Y Y

dw pgy(Jr/_)@

7 Ui
d
Sign: _w<0 for y>a
dy
d
—w:() for y<a
dy

Integration: ’w(y) = ;(Toy — —pgyg) + (s

30
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B.C.: no-slip condition on the wall
—y=0: w=0

Finally:

31
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® The pressure decrease Ap along L measured in a fully developed pipe flow with
the volume flux V.

= Given: V =0,393m3/s L=100m D=0,5m
Ap = 12820 N/m* p =900 kg/m®> n=>5-10"° Ns/m?

e Determine

a) the skin-friction coefficient,

) the equivalent roughness of the pipe,

C) the wall shear stress and the force of the support.
What is the pressure decrease, if the pipe is smooth?

32
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e Moody Diagram
}
0.02} Rough Pipes, ; = ~3.61og.0 | + ()" :
0.018} : 0.03
0.016 o
0.014 40.03
0.012}: = 0.02
- 0.015
0.01}: 10.01 1:
_ 0.008 4
& 0.008}: - 0.006 &
s =)
i) 0.004
§ 07 _ s
& 0.008}: - f Liiidoooe £
i y ? ™
: £ &
005)- - e 0.001
0008 : : 0.0008
: \|Roughness Value, k ; 0.0006
0.004 |- ‘|Rivited steel: 5 mm : 0.0004
;|Concrete: 2 mm !
‘|Cast iron: 0.25 mm ; 0.0002
Galvanized steel: 0.15 mm :
0.003fiaCastiron: 0.12mm | b B T e Lo Rt B Pt S o e ;
: “ISteel: 0.045 mm : :
: ‘|Draw tubing: 0.0015 mm - 5e-05
0.0025}: - : T § 1
Smooth Pipes, / — 0.070Re % f
0.002 L :l pESf ; ) b End 1e-05
' 1 10 10° 106 g 108
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Example 4

----------------------------------------

______________________________________
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_ pumD

b) Re = ~1.8-10°
M

ks
— Moody-Diagram: 5 = (0.0083

— ks = 4.2 mm

C) Momentum equation for the inner control surface:

A;%D2 — DL =0

D N
%Tw:ApE:].(;F

35
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C) Momentum equation for the outer control surface:

D2
F = —Apﬂ-T — _9517N
s N
d) A=0.016 - Ap=5.8-10

m?2

36
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Moaody Diagram

0.025

- |Laminar, f = £

0.02
0.018
0.016

Rough Pipes, 2= = —3.6log,, [% + (5

0.014

0.012

0.01

0.008

0.007

Friction factor, f

Relative Roughness, k/d

0.005

: :[Roughness Value, %
0.004 |- i -[Rivited steel: 5 mm
. /|Concrete: 2 mm

- :|Cast iron: 0.25 mm
. :|Galvanized steel: 0.15 mm Do N
0.003 |-:-{|Cast iron: 0.12 mm L U IONOND
. |Steel: 0.045 mm S DTN TN
. /|Draw tubing: 0.0015 mm oo L
0.0025 i R RS SR S CE LA RALERERRR R

RS : Co :§?:§§|Sm00thPipeS,.f:U-U79R€’O"255 o R
0.002 Liiii R — — il N

——— 1605
108 10* 10° 108 107 108
Reynolds Number, Umd

v



