
turbulent boundary layers

good agreement between theory of laminar boundary layers and ex-

periments until x < xkrit

x < xkrit: boundary layer becomes unstable and turbulent

• increased momentum exchange

→ larger shear stresses

→ larger friction → increased drag

• increased momentum exchange (mixing)

Reynolds averaging → Navier-Stokes equations

Re ≫ 1 → turbulent boundary layer equations



turbulent boundary layers

conti:
∂ū

∂x
+
∂v̄

∂y
= 0

x-momentum: ρū
∂ū

∂x
+ ρv̄

∂ū

∂y
= − ∂p̄

∂x︸︷︷︸

=
dp̄

dx

+η
∂2ū

∂y2
−ρ

∂u′v′

∂y
︸ ︷︷ ︸
apparent stress

y-momentum:
∂p̄

∂y
= 0

• unknown

→ closure problem

→ turbulence modelling (mixing layer)



turbulent flat plate

Approximation of the velocity profile

ū

U
=

(y

δ

)1
7

→ Computation of displacement thickness δ1
momentum thickness δ2

But: τ |wall 6= η
∂u

∂y
|y=0 = ∞

Assumption: the flow over a flat plate is similar

to a turbulent flow in a pipe

→ λ =
0.316
4
√
Re

→ λ =
8τw
ρū2m

→ τw



turbulent flat plate

→ τw
ρU2

=
dδ2
dx

→ δ(x)

x
=

0.37
(
Ux
ν

)1
5

=
0.37
5
√
Rex

→ δturb ∼ x4/5

→ δlam ∼ x1/2



16.1

A flat plate is flown against parallel to the surface with air.

u∞ = 45 m/s ν = 1, 5 · 10−5 m2/s

Determine

a) the transition point for Recrit = 5 · 105,
b) the velocity in the point x = 0, 1m, y = 2·

10−4 m using the Blasius solution. What

is the coordinate y with the same velocity

at x = 0, 15 m?



16.1

Sketch

c) the distribution of the boundary layer

thickness δ(x) and a velocity profile for

x < xcrit and x > xcrit.
d) the wall shear stress as a function of x

for dp/dx < 0, dp/dx = 0 and dp/dx > 0.



16.1

flat plate =⇒ Blasius is valid until Recrit

u∞ = 45 m/s ν = 1, 5 · 10−5 m2/s

a)

Recrit = 5 · 105 = ρu∞xkrit
η

=
u∞xcrit

ν

xcrit = Recrit
ν

u∞
= 0.167m

b)

u
(

x = 0.1m ; y = 2 · 10−4m
)

=?

x = 0.1m < xcrit → laminar boundary layer



16.1

=⇒ Blasius
u

u∞
= g(ξ)

ξ =
y

δ(x)
with δ(x) =

√
νx

u∞

⇒ u

u∞
= f

(

y

√
u∞
νx

)

→ similar profiles

ξ = y

√
u∞
νx

=
y

x

√
u∞x

ν
=

y

x

√

Rex

x = 0.1m → Rex = 0.3 · 106 ; y = 2 · 10−4m → ξ = 1.095

⇒ diagram
u

u∞
= 0.36 ⇒ u(x, y) = 16.2

m

s



16.1

u (x = 0.15m ; y =?) = u
(

x = 0.1m ; y = 2 · 10−4m
)

x = 0.15: the flow is still laminar

x1 x2 xkrit

u1
u2

y1

y2
u1= u2

Re2 =
u∞x2
ν

= 4.5 · 105

u1
u∞

=
u2
u∞

⇒ ξ1 = ξ2 = 1.095 self similar solution

ξ =
y

x

√

Rex → y =
ξx√
Rex

= 2.45 · 10−4m > y1



16.1

c) sketch of δ(x)

laminar: O (inertia) = O (friction)

→ δ

x
= O

(
1√
Rex

)

=⇒ δ(x) ∼
√
x

turbulent: high frequent oscillations

O(inertia) 6= O(friction)

good agreement with experimental results
(

u

u∞

)

=
(y

δ

)1/7
=⇒ δ

x
=

0.37
5
√

Rex
=⇒ δ(x) ∼ x4/5



16.1

x

δ ~ x1/2

δ~ x4/5

ua

ua

du du

dy dy

laminar transition turbulent

xcrit



16.1

∂u
∂y

∣
∣
∣

laminar

y=0
< ∂u

∂y

∣
∣
∣

turbulent

y=0

|τw|laminar < |τw|turbulent

due to the energy input to the near wall layer by turbulence


